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Abstract 

The regular reduction of a Dirac manifold acted upon freely and properly by a Lie group 
is generalized to a non-free action. For this, several facts about G-invariant vector fields 
and one- forms are shown. 
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1 Introduction 



Dirac structures generalize Poisson and symplectic manifolds. They also provide a convenient geometric 
setting for the theory of nonholonomic systems. This concept was introduced in [9j and has seen 
a significant development in the recent past both from the geometric point of view as well as in 
applications to mechanical systems and circuit theory. In the presence of symmetry, one can perform 
reduction to eliminate variables. The modern global formulation of reduction of Hamiltonian systems 
with symmetry is due to Marsden and Weinstein [20] who treat free and proper symplectic actions 
admitting an equivariant momentum map. This was generalized to Poisson manifolds in |19j . When 
dealing with implicit Hamiltonian systems, which can be seen as sets of algebraic and differential 
equations, the geometric description is based on Dirac structures. It is hence natural to ask if a 
symmetric Dirac manifold can be reduced. This was carried out for a free and proper Dirac action in 
[6] and [1| within the context of generalized Poisson structures and can be derived as an easy case of 
the results in the paper [8j about reduction of Courant algebroids. The methods of [6] and [8] in the 
particular case of interest to us are equivalent up to a small difference in assumptions (see jl5j). It 
is shown in [16] that the assumptions in [6j can be weakened to the hypotheses of [8j in the case of 
a free and proper action on the underlying manifold M. Singular Dirac reduction was treated in [5] 
using the following setup: the symmetric Dirac structure is viewed as a generalized Poisson structure 
with a momentum map and reduction of implicit Hamiltonian systems is performed at all values of the 
momentum map, including singular ones. It turns out that each stratum of the reduced space (which 
is a Whitney stratified cone space since the action is proper) inherits a Dirac structure. In addition, 
Hamiltonian dynamics on the original manifold descends to each stratum of the quotient. 

In this paper, we study the reduction of a smooth Dirac manifold (M, D) by a proper Dirac action 
of a Lie group G completely within the Dirac category, that is, certain non-trivial technical hypotheses 
on various distributions present in [6], [1] and [8| (in the case of interest to us) are eliminated. This 
is achieved by working directly with smooth structures on stratified spaces. This approach, known as 
singular reduction, was initiated in [llj and formalized in [Ij. In [IQj, singular reduction was shown to 
be an application of the theory of differential spaces. 

The concepts of vector fields and one-forms on Whitney stratified spaces are reviewed and applied to 
the quotient space of the manifold by the action. We show in Theorem 16 . 41 that the descending sections 
of the Dirac structure push forward to a subset of the pairs formed by local vector fields and one-forms 
on the reduced space that is, in a sense, self-orthogonal. This leads to the following natural question: 
do the strata of the reduced space inherit Dirac structures induced by D? We show in Theorem 16.51 
that this is true if one assumes that the set of descending sections generate a certain subdistribution of 
the Pontryagin bundle of M. To achieve this, we employ several new techniques. Using the existence of 
G-invariant Riemannian metrics for proper actions on paracompact manifolds and the tube theorem, 
we introduce averages of vector fields and one-forms on G-invariant open subsets of M. In a crucial 
step of the proof, we use the fact that, in certain situations, G-invariant averages of vector fields and 
one-forms vanish. Also, we study the relationship between the pointwise and the smooth orthogonal 
distribution of a smooth generalized subdistribution of a vector bundle endowed with a symmetric 
nondegenerate pairing. This allows us to describe the smooth annihilator of an intersection of smooth 
generalized distributions in certain cases of interest to us. 

The paper is organized as follows. Dirac structures are reviewed in Section [2] and vector fields on 
differential spaces, stratifications, and orbit type manifolds in Section [3j Generalized distributions, 
integrability of tangent distributions as well as pointwise and smooth annihilators are introduced and 
discussed in Section HI The averaging method is presented in Section [5l Using this technique, we show 
that the strata of the quotient M correspond to the quotients of the orbit type strata on M and that 
the local one-forms on the manifold M descend to analogous objects on the reduced stratified space M. 
Then we study the properties of descending sections of the Pontryagin bundle and get many technical 
results needed in the final reduction proof. Section 6 is devoted to the main result of the paper, namely 
singular Dirac reduction. We recall first the reduction procedure in the case of conjugated isotropy 
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subgroups. Then the two main theorems of the paper (Theorems 16.41 and I6.5P are proved and reduced 
dynamics of imphcit Hamiltonian systems is constructed. Several examples are also given. 



Conventions, definitions, and notations In this paper we are working in the smooth category. All 
sets considered here are smooth subcartesian spaces; see Section 2. In particular, all manifolds and 
maps are assumed to be smooth. Moreover, the manifold M is paracompact and the Lie group G 
acting on it is connected. If not mentioned in the text, the action of G on M is always assumed to be 
proper. 

We will write C°°(M) for the sheaf of local functions C^^iM) on M. That is, an element / G C°°{M) 
is a smooth function f : U ^ M,, with U an open subset of M. In the same manner, if is a vector 
bundle over M, or a generalized distribution on M, we will denote by T{E) the set of local sections 
of E. In particular, the sets of local vector fields and one-forms on M will be denoted by X{M) and 

01 (M), respectively. We will write T>om{a) for the open domain of definition of the section a of E. 
A section X (respectively a) of TM (respectively T*M) will be called G-invariant if ^*X = X 

(respectively $*a = a) for all g & G, where <I> : G x M — > M is the action of G on M. Here, the vector 
field is defined by = T^g-i oXo<^g, that is, (^>*X)(m) = Tgm^ g-i X (gm) for all me M. 

Recall that a subset C M is an initial submanifold of M if N carries a manifold structure such 
that the inclusion l : N ^ M is a smooth immersion and satisfies the following condition: for any 
smooth manifold P an arbitrary map g : P ^ N is smooth if and only if i o 51 : P — > M is smooth. 
The notion of initial submanifold lies strictly between those of injectively immersed and embedded 
submanifolds. 

In the following, we write TM QTM* for the sum of the vector bundles TM and T*M and use the 
same notation for the sum of a tangent (that is, a subdistribution of TM) and cotangent distribution 
(a subdistribution of T*M, see section H] for the definitions of those objects). We choose this notation 
because we want to distinguish these direct sums from direct sums of subdistributions of a bundle, 
which will be written as usual with ©. 

2 Generalities on Dirac structures 

Dirac structures The Pontryagin bundle TM © T*M of a smooth manifold M is endowed with a 
non-degenerate symmetric fiberwise bilinear form of signature (dim M, dim M) given by 



for all Um, Vm S TmM and am-, £ T^M. A Dirac structure (see f9]) on M is a Lagrangian subbundle 
D C TMQT*M. That is, D coincides with its orthogonal relative to ^ and so its fibers are necessarily 
dim M-dimensional. 

The space T{TMQT*M) of local sections of the Pontryagin bundle is also endowed with a R-bilinear 
skew-symmetric bracket (which does not satisfy the Jacobi identity) given by 



(see [9]). The Dirac structure is integrable or closed if [T{D),r{D)] C r(L'). Since {{X,a), (Y, (3)) = 
if (A, a), (Y, f3) G r(Z?), integrability of the Dirac structure is often expressed in the literature relative 
to a non-skew-symmetric bracket that differs from ([2]) by eliminating in the second line the third term 
of the second component. This truncated expression which satisfies the Jacobi identity but is no longer 
skew-symmetric is called the Courant bracket: 



{{Um ) Q^m) ) (^m i Pm)) • — {Pm ) ^m) ~l~ (o^mi ^m) 



(1) 




[(A, a), (y, p)] := ([A, Y], £x/3 - iyda) . 



(3) 
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Symmetries of Dirac manifolds Let G be a Lie group and $ : G x M ^ M a smooth left action. 
Then G is called a symmetry Lie group of D if for every g G G the condition {X,a) G r(L') implies 
that {^*X,^*aj € r(D). We say then that the Lie group G acts canonically or by Dirac actions on 
M. 

Let g be a Lie algebra and ^ € g i-^ G X(M) be a smooth left Lie algebra action, that is, the 
map (z, ^) € M X 1-^ (,Mix) G TM is smooth and ^ G ^ G X(M) is a Lie algebra anti- 
homomorphism. The Lie algebra g is said to be a symmetry Lie algebra of D if for every ^ G g the 
condition {X,a) G T{D) implies that {£^j^X, £^n^a) G r(I?). Of course, if g is the Lie algebra of G 
and ^ I— > the Lie algebra anti-homomorphism, then if G is a symmetry Lie group of D it follows 
that g is a symmetry Lie algebra of D. 

3 Differential spaces 
3.1 Subcartesian spaces 

A differential structure on a topological space S is a family G^^(5) of real- valued functions on S such 
that: 

Al. The family 

{rH(a,6)) |/GGgT,b(5),a,6G]R} 
is a subbasis for the topology on S. 

A2. If /i, /„ G G-JS) and F G G°°(E"), then F{fi, /„) G G^^C-^)- 

A3. If / : /S ^ R is such that, for every x e S, there exist an open neighborhood Ux of a; and a 
function G G^^^{S) satisfying 

then / G GgTob(S). 

Here the vertical bar | denotes the restriction. Note that we write C^^^{S) to distinguish this set of 
functions, whose elements are defined on the whole of S, from sheaves of smooth functions if the space 
is also endowed with a smooth structure. 

A differential space is a space 5 endowed with a differential structure G^j^(S'). Clearly, smooth 
manifolds are differential spaces. However, the category of differential spaces is much larger than the 
category of manifolds. 

Let R and 5 be differential spaces with differential structures C^^^{R) and C^^^{S), respectively. A 
map (f) : S IS said to be smooth if 0*(/) = / o G C^^^^{R) for all / G C^^y^{S). A smooth map 
between differential spaces is a diffeomorphism if it is invertible and its inverse is smooth. 

If i? is a differential space with differential structure G^^y^{R) and 5 is a subset of R, then we can 
define a differential structure G^^^{S) on S as follows. A function / : S" — > R is in G^)^(S') if and 
only if, for every x S, there is an open neighborhood U x in R and a function fx G C^^^{R) such 
that flsnu = fx\sr\U- The differential structure G^^^{S) described above is the smallest differential 
structure on S such that the inclusion map l : S ^ R is smooth. We shall refer to S with the 
differential structure C^^^{S) described above as a differential subspace of R. If 5 is a closed subset 
of R, then the differential structure C^^^{S) described above consists of restrictions to S of functions 

in CgTob(^)- 

A differential space R is said to be locally diffeomorphic to a differential space S if, for every x e R, 
there exists a neighborhood U of x diffeomorphic to an open subset V of S. More precisely, we require 
that the differential subspace U of i? is diffeomorphic to the differential subspace y of S*. A differential 
space i? is a smooth manifold of dimension n if and only if it is locally diffeomorphic to R". A Hausdorff 
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differential space that is locally diffeomorphic to subsets of is called a subcartesian space. In the 
following, we restrict our considerations to subcartesian spaces. 

Differential spaces were introduced in [26j, see also [27j and [28]. The original definition of a sub- 
cartesian space, in terms of a singular atlas, was given in [2]. The characterization of subcartesian 
spaces used here can be found in [36], where the term differential spaces of class Dq is used. A 
comprehensive bibliography of differential spaces is given in |7]. 

3.2 Vector fields 

In this subsection, we review integration of vector fields and distributions on subcartesian spaces 
following [30] . 

Let 5 be a subcartesian space with differential structure C^^^{S). A derivation on C^j^(S) is a 
R-linear map X : C^„^{S) C^^^iS) : f ^ X{f ) satisfying Leibniz' rule 

^(/l/2) = ^(/l)/2 + /l^(/2). (4) 

We denote the space of derivations of C'^^^^iS) W Der C°^j,(5'). It has the structure of a Lie algebra 
with the Lie bracket [Xi,X2] defined by 

[Xi,X2](/) =Xi(X2(/))-X2(Xi(/)) 

for every X^^X^ G IieTC<^^^{S) and / G C^,^{S). 

Let / be an interval in R. A smooth map c : / — > is an integral curve of a derivation X if 

|/(c(t)) = X(/)(c(t)) (5) 

for all / G C'°^|^(5) and t G I. If / is closed and t is an endpoint of I, then the derivative on the left 
hand side of equation ([5])) is one-sided. In the limiting case, when / consists of only one point, the left 
hand side of ([5]) is undefined. We extend the definition of an integral curve to this case by declaring 
that a map c : {to} ^ S, with domain consisting of a single point in R, is an integral curve of every 
derivation X. An integral curve of X through a point xq G S is an integral curve c : / ^ S" of X such 
that G / and c(0) = xq. An integral curve c : / — > of X through xq is maximal if its domain I 
contains the domain of every integral curve of X through xq. 

Remark 3.1 Let S be a subcartesian space. For every derivation X G DerC^jj(5) and each G S* 
there exists a unique maximal integral curve of X through xq. A proof of this can be found in [29 j. A 

A vector field on a subcartesian space is a derivation X of C'^b('^) such that translations along 
integral curves of X give rise to a one-parameter local group cj)^ of local diffeomorphisms of S. In 
other words, 

|/(0f(x))=X(/) {<l^f{x)) 

for every / G C^^(5') and each G M x 5 for which (t)f{x) is defined. Let Xgiob(5') denote the 

family of all vector fields on a subcartesian space S. The orbit Sx of 3Cgiob('S') through x is given by 

Sx = {(pf: o . . . o cpl' |nGN, ti,...,t„GM, gX(5)}. (6) 

Remark 3.2 Let Xgiob('S') be the family of all vector fields on a subcartesian space S. For each x G S", 
the orbit Sx is a manifold and the inclusion map S'a; ^ S" is smooth. For every family 3" of vector 
fields on S, orbits of 9" are contained in orbits of Xgiob('S'). For a proof of this, see Theorem 4 in pO] . 
Smoothness of the inclusion map Sx ^ S \s discussed in the proof of Theorem 3 in [30] . A 
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3.3 Stratifications 

A decomposition of a differential space 5 is a partition of 5 by a locally finite family T> of smooth 
manifolds Sa of S such that 

1. each manifold Sa € D with its manifold structure is a locally closed differential subspace of S 
and 

2. for Sa, Si3 E D, if Sa^] S/3 ^ 0, then either Sa = Sp or Sa C Sp\Sfi. 

Manifolds Sq, E D are called strata of the decomposition T). 

Decompositions of a differential space S can be partially ordered by inclusion. If = {5^} and 
= {5"^} are two decompositions of S, we say that is a refinement of D^, and write > D^, 
if, for every 5^ E 2)^ there exists 5| E such that C S'^. We say that I) is a minimal (coarsest) 
decomposition of P if it is not a refinement of a different decomposition of P. Note that if P is a 
manifold, then the minimal decomposition of M consists of a single manifold M = P. Similarly, we 
say that D is a maximal (finest) decomposition of P if D' > D implies T)' = T). 

Let D = {Sa} be a decomposition of S. The stratification corresponding to 2) is a map S which 
associates to each x E S" the germ at x of the stratum Sa containing x. If all strata Sa of CD are 
connected then D is uniquely determined by the stratification S corresponding to 2) (see jl8j). In the 
following we identify decompositions of S with connected strata with corresponding stratifications of 
S. 

3.4 Orbits of a proper action 

In this section we consider a smooth and proper action 

$ :GxM M 

(g, m) I— > ^{g, m) = ^g(m) = gm = g ■ m 

of a Lie group G on a manifold M. Our aim is to describe the differential structure of the orbit space 
M = M/G. We denote the orbit map by vr : M ^ M. 

For each closed Lie subgroup of G we define the isotropy type set 

Mh = {me M \Gm = H} 

where Gm = {g e G \ gm = m} is the isotropy subgroup of m E M. Since the action is proper, all 
isotropy groups are compact. The sets Mh, where H ranges over the closed Lie subgroups of G for 
which Mh is non-empty, form a partition of M, and therefore they are the equivalence classes of an 
equivalence relation in M. Define the normalizer of -ff in G 

N{H) = {g£G\ gHg-^ = H}. 

N{H) is a closed Lie subgroup of G. Since H is a normal subgroup of N{H) the quotient N[H)/H 
is a Lie group. If m E Mh, we have Gm = H and, for all 5 E G, Ggm = gHg~^. As a consequence, 
gm lies in Mh if and only if 5 E N{H). The action of G on M restricts to an action of N{H) on Mh, 
which induces a free and proper action of N(H)/H on Mh- 
Define the orbit type set 

Mi^H) = {"^ ^ I Gm is conjugated to H}. (8) 

Then, 

M^H) = {gm\g£G,me Mh} = ^"^(^(M^)). 
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Connected components of and M^jj-^ are embedded submanifolds of M; therefore Mj{ is called an 
isotropy type manifold and M(j:^) an orbit type manifold. Moreover, 

TT (M(H)) ={gm\mG Mh}/G = Mh/N{H) = Mh/{N{H)/H). 

But the action of N{H)/H on Mfj is free and proper which implies that Mfj /{N{H)/H) is a quotient 
manifold of Mh- Hence, tt{M(^jj^) is a manifold contained in the orbit space M = M/G. 

Since the action of G on M is proper, the Slice Theorem of [23j ensures that, for each m & M there 
exists a slice Sm for this action and that iT{Sm) is an open subset of M homeomorphic to Sm/Gm- It 
follows that 

CgTob(M) = {/ G C^M) I n*{f) G C^{M)} 

is a differential structure on the orbit space M, see Theorem 3.4 of [lOj. Moreover, for each slice Sm, 
its projection 7r(5m) to M is diffeomorphic to Sm/Gm in the sense of differential spaces. Since Gm is 
compact and the action of Gm on Sm is linear, it follows that the space C'^fj(S'm)'^™ of Gm-invariant 
smooth functions on Sm is given by smooth functions of algebraic invariants (see [2S])- Hilbert's 
theorem ensures that the ring of Gm-invariant polynomials on Sm is finitely generated, ([37], page 
274). Hence, M is locally diffeomorphic to a subset of a finite dimensional space, which implies that 
M is subcartesian, see [29]. 

Partitions of the orbit space M = M/G by connected components of ■k{M(^h)) is a decomposition of 
the differential space M. The corresponding stratification of M is called the orbit type stratification 
of the orbit space (see |13j , and [24] ) • It is a minimal stratification in the partial order discussed above 
(see [3]). This implies that strata 7r(M(/^)) of the orbit type stratification are orbits of the family of 
all vector fields on M (see [18]). 

Now let G°°{M) be the sheaf of smooth functions on M defined as follows. A function / : y ^ IR is 
an element of G°°(M) if y C M is an open subset and it* f ^ C°°{M). This really defines a sheaf of 
smooth functions on M, see |22) or [12]. Proposition 4.7 in [12j states that this sheaf can equivalently 
be constructed as follows; / : V — >■ R is an element of G°°(M) if y C M is an open subset and for all 
X &V there exists Ux M open, x e Ux, and fx G C'^b(^) ^'^ch that 

fxlUa: = flu,,- 

In an analogous manner, we define C°°{P) for a stratum P of Af. A function /p : Vp — > R is an 
element of C°°{P) if Vp C P is an open subset and for all x G Vp there exists an open neighborhood 
U CM ofx such that C/ n P C Vp C P and / G C^^^{M) such that 

fp\ UnP — J \unP- 

Note that this implies that for any / G G°°{P) and any point x in the domain of definition of /, there 
exists an open neighborhood U C M of x and fx G G°°{M) such that 

flunP — ^x\ur\P- 

Hence, by shrinking the domain of definition of /, we can see the function fx as an extension of / 
at X. We shall use often this property in the rest of the paper (without mentioning the "shrinking" 
of the domain of definition). We will see later that this smooth structure on P is exactly its smooth 
structure as the quotient of the stratum P = tt~^{P) of M. 

We end this subsection with a proposition on the uniqueness of the restriction of a vector field on 
M to a stratum of M. 

Proposition 3.3 Let P be a stratum of M. We know by the considerations above that each vector 
field X on M restricts to a vector field Xp on P. We write Xp X. If Xp and Xp are such that 
Xp X and Xp X , then they have to be equal. 
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Proof: If X G X(M) restricts to a global vector field Xp £ X{P), we have for all / G C^ohi^)- 

Xp[i*pf)=XU)oip. 

Since each function fp G C°^{P) is locally the restriction to P of some / G C'^^-^{M) and the derivations 
on P correspond exactly to the vector fields on P (since -P is a smooth manifold) , we get automatically 
the uniqueness of Xp. □ 



4 Generalized distributions and orthogonal spaces 

We will need a few standard facts from the theory of generalized distributions on a smooth manifold 
M (see [32l |3T1 133] , [M] for the original articles and [17] , [35] , [23] , or [22] , for a quick review of this 
theory) . 

Let E he Su vector bundle over M . A generalized subdistribution A of is a subset A of -E such that 
for each m G M, the set A(m) := A fl E{m) is a vector subspace of Em- The number dimA(m) is 
called the rank of A at m G M. A point m G M is a regular point of the distribution A if there exists 
a neighborhood [/ of m such that the rank of A is constant on U . Otherwise, m is a singular point of 
the distribution. 

A local differentiahle section of A is a smooth section a G 7{E) defined on some open subset U C M 
such that cr(n) G A(u) for each u U. We denote with r(A) the space of local sections of A. A 
generalized subdistribution is said to be differentiahle or smooth if for every point m £ M and every 
vector V G A(m), there is a differentiahle section a G r(A) defined on an open neighborhood U oi m 
such that cr(m) = v. The generalized subdistribution A is said to be locally finitely generated if for 
each point m £ M there exists a neighborhood U olm and smooth sections a"i, . . . , 0"^ G r(£') defined 
on U such that for all m' in U we have 

A(m') = span{(Ti(m'), . . . , (Tfc(m')}. 

Note that a locally finitely generated distribution is necessarily smooth. 

A smooth generalized subdistribution of the tangent space TM (that is with E = TM) will be 
simply called a smooth tangent distribution., a smooth generalized subdistribution of the cotangent 
space T*M will be called a smooth cotangent distribution. We will work most of the time with smooth 
generalized subdistributions of the Pontryagin bundle E = TM © T*M, which will be called smooth 
generalized distributions. 

Example 4.1 A Dirac structure D ona manifold M defines two smooth tangent distributions Go, Gi C 
TM and two smooth cotangent distributions Pq, Pi C T*M: 

Go(m) := {X{m) G T^M | X G X(M), {X, 0) G T{D)} 

Gi{m) := {X{m) G T^M | X G X(M), there exists a G n\M),such that {X,a) G T{D)} 

and 

Po(m) := {a{m) G T^M \aen\M), (0, a) G T{D)} 

Pi(m) := {a(m) G T^M | a G J^^(M), there exists X G je(M),such that {X,a) G r(i:>)}. 

The smoothness of Go, Gi, Pq, Pi is obvious since, by definition, they are generated by smooth local 
sections. In general, these are not vector subbundles of TM and T*M, respectively. It is also clear 
that Go C Gi and Po C Pi. 
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4.1 Generalized foliations and integrability of tangent distributions 

To give content to the notion of integrability of a smooth tangent distribution and elaborate on it, 
wc need to quickly review the concept and main properties of generalized foliations. A generalized 
foliation on M is a partition ^ := {X^ajaeA of M into disjoint connected sets, called leaves, such that 
each point m e M has a generalized foliated chart {U,ip : U ^ V C K,'^™^), m e U. This means 
that there is some natural number < dimM, called the dimension of the leaf L^, and a subset 
Sa C RdimM-p„ ^^^Yi that ip{Un£.a) = {(x^ , . . . , x<^™ ^) G V \ {xP"+^ , . . . , x'^''^ ^ ) G Sa}- The 
key difference with the concept of foliation is that the number can change from leaf to leaf. Note 
that each {xo"~^^, ■ ■ ■ € Sa determines a connected component {U fl ^ia)o of U (1 La, that is, 

(p{{U n La)o) = . . . , xP", . . . , xf""^) e V}. The generalized foliated charts induce on each 

leaf a smooth manifold structure that makes them into initial submanifolds of M. 

A leaf £ja is called regular if it has an open neighborhood that intersects only leaves whose dimension 
equals dim^Q,. If such a neighborhood does not exist, then JCja is called a singular leaf. A point is 
called regular (singular) if it is contained in a regular (singular) leaf. The set of vectors tangent to the 
leaves of ^ is defined by 

T{M,d) := U U Trr^^aCTM. 

Let us turn now to the relationship between distributions and generalized foliations. In all that 
follows, T is a smooth tangent distribution. An integral manifold of 7 is an injectively immersed 
connected manifold ll ■ L '-^ M, where ll is the inclusion, satisfying the condition TmiLiTmL) C 7{m) 
for every m € L. The integral manifold L is of maximal dimension at m G L if T„iiL{TmL) = T(m). 
The distribution T is completely integrable if for every m € M there is an integral manifold L of T, 
m e L, everywhere of maximal dimension. The distribution 7 is involutive if it is invariant under the 
(local) flows associated to differentiable sections of X The distribution 7 is algebraically involutive if 
for any two smooth vector fields defined on an open set of A4 which take values in 7, their bracket also 
takes values in 7. Clearly involutive distributions are algebraically involutive and the converse is true 
if the distribution is a subbundle. 

Recall that the Probenius theorem states that a vector subbundle of TM is (algebraically) involutive 
if and only if it is the tangent bundle of a foliation on M. The same is true for distributions: A smooth 
distribution is involutive if and only if it coincides with the set of vectors tangent to a generalized 
foliation, that is, it is completely integrable. This is known as the Stefan- Sussmann Theorem. 

We will give the Stefan-Sussmann theorem in the more general setting of a smooth tangent distri- 
bution spanned by a family of vector fields. Note that each smooth tangent distribution is spanned by 
the family of its smooth sections. 

Let F be an everywhere defined family of local vector fields on M. By everywhere defined we mean 
that for every m, € M there exists X € F such that m G Dom(X). We can associate to the flows 
of the vector fields in F a set of local diffeomorphisms Ap := {^j | <pt flow oi X e F} oi M and a 
pseudogroup of transformations generated by it, 

Af := (I, M) |J{4 o . . . o 0- I n G IN and ^ G Ap or {cf>ir' G Ap}. 

Analogously, we also define, for any z G M, the following vector subspaces of T^M: 



Vf[z) := span < — 



My) <f>t flow of X G F, Miy) = z 

t=to 



= span{X(z) G T^M\ X e F and z e Dom(X)}, 
Df{z) := span{Ty7T ■ 'Dpiv) | S't G AF,My) = A- 

Note that, by construction, is a smooth tangent distribution. We will say that ©i? is the smooth 
tangent distribution spanned by F . 
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The ^iT-orbits, also called the accessible sets of the family F, form a generalized foliation whose 
leaves have as tangent spaces the values of Dp (see for example j22] ) . An important question is 
determining when the smooth tangent distribution Dp spanned by F is integrable. 

Theorem 4.2 ([32j and [34J)- Let T>p be a differentiable generalized distribution on the smooth man- 
ifold M spanned by an everywhere defined family of vector fields F . The following properties are 
equivalent: 

1. The distribution Dp is invariant under the pseudogroup of transformations generated by F, that 
is, for each S^p & A.p and for each z € M in the domain of 'Jp, 

T,3^p{Dp{z)) = Dp{3^Tiz)). 

2. Dp = Dp. 

3. For any X ^ F with flow (pt cind any x € Dom(X), there exist: 

a) A finite set {Xi, . . . , Xp} C F such that Dp{x) =span{Xi(x), . . . , X.p{x)}. 

b) A constant e > and Lebesgue integrable functions Xij : (— e, e) M, (1 < i,j < p) such 
that for every t G (— e, e) and j £ {1, . . . ,p}: 

p 

[x,Xj]iMx)) = ^\,it)x,iM^)) 

i=l 

and Dp{(j)t{x)) = span{Xi(0t(x)), . . . , Xp{(j)t{x))} . 
4- The distribution Dp is integrable and its maximal integral manifolds are the Ap-orbits. 

Note that as a consequence of this theorem (consider in particular the third statement), we know 
that if a tangent distribution T is locally finitely generated, then it is integrable if and only if it is 
algebraically involutive. 

As already mentioned, given an involutive (and hence a completely integrable) distribution T, each 
point m £ M belongs to exactly one connected integral manifold L^a that is maximal relative to 
inclusion. It turns out that is an initial submanifold and that it is also the accessible set of m, 
that is, equals the subset of points in M that can be reached by applying to m a finite number 
of composition of flows of elements of r(T). The collection of all maximal integral submanifolds of T 
forms a generalized foliation ^•j such that T = T{M,^'j). Conversely, given a generalized foliation ^ 
on M, the subset T{M,^) C TM is a smooth completely integrable (and hence involutive) distribution 
whose collection of maximal integral submanifolds coincides with ^. These two statements expand the 
Stefan-Sussmann Theorem cited above. 



4.2 Generalized smooth subdistributions and annihilators 



Assume in this section that E is a vector bundle on M that is endowed with a smooth nondegenerate 
symmetric pairing (• ,-)p. li E = TM QT*M is the Pontryagin bundle, this pairing (■ , •)tmqt*m will 
always be the symmetric pairing (• , •) defined in ([T|). If A C is a smooth subdistribution of E, its 
smooth orthogonal distribution is the smooth generalized subdistribution of E defined by 



A^(m) := 



T{m) 



T G T{E) with m E Dom(T) is such that for all 
fj E r(A) with m E Dom((T), 
we have {cr,T)^ = on Dom(T) fl Dom(o") 



Here, we have the, in general strict, inclusion A C A"*-^. Note that the smooth orthogonal distribution 
of a smooth generalized subdistribution is smooth by construction. If the distribution A is a vector 
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subbundle of E, then its smooth orthogonal distribution is also a vector subbundle of E. Note that the 
smooth orthogonal distribution of a smooth generalized subdistribution A of iiJ is in general different 
from the pointwise orthogonal distribution of A, defined by 

A^p(m) := {vm G E{m) j {vm,Wm)E = for all Wm G A(m)}, 

where the subscript p stands for "pointwise". The pointwise orthogonal distribution of a smooth 
generalized subdistribution A is not smooth in general. The proof of the following proposition is easy 
and we omit it here. 

Proposition 4.3 Let A be a smooth generalized subdistribution of E. Then we have 

A^CA^p, A = A^p^p, and A C A^^. 

If A is itself a vector bundle over M , the smooth orthogonal distribution A"*- of A is also a subbundle 
of E, and we have A^ = A^p . 

We use this to show the following proposition about the smooth annihilator of a sum of vector 
subbundles of E. 

Proposition 4.4 Let Ai and A2 be smooth subbundles of the vector bundle {E,{,)). Since Ai and 
A2 have constant ranks on M , their smooth orthogonal spaces A^ and A^ are also smooth subbundles 
of E and equal to the pointwise orthogonals of Ai and A2. The following are equivalent: 

1. The intersection A^ n A^ is smooth. 

2. (Ai + A2)^ = A^ n A^ 

3. (A^nA^)^ = A1 + A2 

4- A^ n A^ has constant rank on M . 

Proof: Let G T ((Ai + A2)^). Then for all <ti G r(Ai) and a2 G r(A2), we have {a,ai + 0-2) = 
on the common domain of definition of the three sections. Applying this to ai G r(Ai) and ct2 = 
(respectively (T2 G r(A2) and ai = 0), we get a G r(A;j'-) (respectively a G r(A^)). Hence, we have 
shown that the inclusion (Ai + A2)^ C A^ n Ag" is always true. 

Using this, we show first that if A^ n A2" is smooth, we have 

(Ai + A2)^ = A^nA^ (9) 

We have only to show the inclusion (Ai + A2)''" 5 A^ n A2". Choose Cm G {A^ n A2")(m). Since 
the intersection A^ n A^ is smooth, there exists a section cr G L i^A^ fi A^) with a{m) = Cm- Let 
(Ti G r(Ai) and (T2 G r(A2). Since a G r(A]^nA^), we have {a,ai) = (<t, (T2) = 0, and hence 
{a, (Ti + (T2) = 0. From this follows o" G L ((Ai + A2)^) and hence Cm G (Ai + A2)^(m). 

Conversely, if the equality in ([9]) holds, the intersection A;j'-nA^ is the smooth annihilator of A1 + A2 
and is thus smooth by definition. Hence, we have shown "(1) <^ (2)". 

If Q holds, we have 

(Ai + A2)^p(m) = (Ai(m) + A2(m))^ = Ai(m)^ n A2(m)^ = (A^ n A^)(m), (10) 
and hence, using Proposition 14. 3t 

(A^ n A^)^ = ((Ai + A2)^p)^ C (Ai + A2)^p^p = Ai + A2. 
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The converse inclusion follows also from Proposition 14.31 

Ai + A2 C (Ai + As)^^ = (A^ n A^)^. 

Conversely, the equality Ai + A2 = {Aj; n A^)-^ implies A^ n A^ C {Aj- n A^)^-^ = (Ai + A2)-^ 
with Proposition 14.31 and we have shown the converse implication at the beginning of this proof. This 
shows "(2) ^ (3)". 

Assume again that ([9]) holds. Then it implies (jlOp as above. The equalities (jlOp and Q yield then 
together: 

(Ai + A2)^^#A^nA^i(Ai + A2)^. 

But this is only possible if Ai + A2 has constant rank on M, which yields, using ([9]), the fact that 
A]*- n A2" has constant rank on M, too. Hence, we have proved the implication "(2) =^ (4)". 

To finish the proof, we see that the implication "(4) =^ (3)" is easy. If A]*- n A2" has constant rank 
on M, then its smooth annihilator is equal to its pointwise annihilator and we get 

(Af n A2^)^ = A^^ + A2^^ = Ai + A2 
since Ai and A2 have constant rank on M. □ 



A tangent (respectively cotangent) distribution T C TM (respectively S C T*M) can be identified 
with the smooth generalized distribution T © {0} (respectively {0} © C). The smooth orthogonal 
distribution of T©{0} in TM @T*M is easily computed to be (^©{O})-^ = TM ©T°, where 

a G fi^(M),m G Dom(a) and a(X) = 1 
on Dom(a) n Dom(X) for ah X £ T{7) J 

for all m G M. This smooth cotangent distribution will be called the smooth annihilator of 7. Analo- 
gously, we define the smooth annihilator C° of a cotangent distribution C. Then C° is a smooth tangent 
distribution and we have ({0} © C)"*" = C° © T*M. The pointwise annihilator of a smooth tangent 
distribution T (respectively of a smooth cotangent distribution C), will be written 7^^'^ (respectively 
e^"''), and is such that (T©{0})-Lp = rM©T^'^'^ (respectively ({0} ©6)-^^ = e^'"'^©r*M). We get 
as in Proposition 14.31 

7° C T^'^° , T = T^'"'^ ^'^^ , and T C , 

and analogously for C. If T is a smooth subbundle of TM, then T° = 'J^°'^ is also a smooth subbundle 
of T*M. 

The tangent distribution V spanned by the fundamental vector fields of the action of a Lie group G 
on a manifold M will be of great importance later on. At every point m G M it is defined by 

v(m) = {eM(m) I ees}- 

If the action is not free, the rank of the fibers of V can vary on M. The smooth annihilator V° of V is 
given by 

V°(m) = {a{m) \ a G 9}{M), m G Dom(a), such that ai^u) = for ah ^ G g}. 

We will use also the smooth generalized distribution % := V Q {0} and its smooth orthogonal space 
= TM@V°. 
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5 Proper actions and orbit type manifolds 



5.1 Tube theorem and G-invariant average 

If the action of the Lie group G on M is proper, we can find for each point m G M a G-invariant 
neighborhood of m such that the action can be described easily on this neighborhood. The proof of 
the following theorem can be found, for example, in |22j . 

Theorem 5.1 (Tube Theorem) Let M be a manifold and G a Lie group acting properly on M . For 
a given point m & M denote H := Gm- Then there exists a G-invariant open neighborhood U of the 
orbit G ■ m, called tube at m, and a G-equivariant diffeomorphism G Xfj B — > U. The set B is 
an open H -invariant neighborhood of in an H -representation space H -equivariantly isomorphic to 
TjnM /Tm{G ■ m). The II -representation on TmM /Tm{G ■ m) is given by by h ■ {v + Tm{G ■ m)) := 
Tm^h'V+Tm{G-m), h G H , V € TmM. The smooth manifold Gx^B is the quotient of the smooth free 
and proper (twisted) action of H on Gx B given by ^'(/i, {g, b)) := {gh~^ , h-b) , g G G , h G H , b (z B . 
The G-action on G Xh B is given by k ■ [g, b] := [kg, bjn, where k,g G G, b G B, and [g, bjn € G x^ B 
is the equivalence class {i.e., H-orbit) of {g,b). 



G-invariant average Let m G M and H := Gm- If the action of G on M is proper, the isotropy 
subgroup H oi m\s a compact Lie subgroup of G. Hence, there exists a Haar measure dh on H, that 
is a G-invariant measure on H satisfying j^dh = 1 (see for example |T3] ) . Here left G-invariance of 
dh is equivalent to right G-invariance, of dh, and we have R^dh = dh = L^dh for all h' & H, where 
Lh : H ^ H (respectively Rh ■ H H) denotes left (respectively right) translation by h on H. 

Let X € X{M) be defined on the tube f/ at m G M of the proper action of the Lie group G on 
M. Using the Tube Theorem, we write the points of U as equivalence classes [g, b]H with g G and 
b £ B. Note that for all h G H, we have [g,b]H = [gh~^ , hb]H- Furthermore, the action of G on ?7 is 
given by ^g'{[g, 6]//) = [g'g, b]H- Define the vector field Xq by the following: 

XG{[g,b]H) = (^l^nXdh^) {[9,b]H), 

that is, for each point m' = [g,b]H G U we have 

XG{[g,b]H) = (%,]^ci>^_,X([/i,6]H)) dh^ . 

We have to show that this definition doesn't depend on the choice of the representative [g, b]H for the 
point m'. Write m' = [gh~^ , hb]H with some h G H, and compute 



XGi[gh~\hb]H) = r[e,,,],<i>,,-i (T^j^,^^^^^-^_,X{[h,hb]H)) dh 

= T[h-^,hb]„% o T[,,,,]^<I.,-: /,-,X([e, hhb]H)) dh 

= r[e,6],«>, {T^^Mby<^h-^h-^X{[e,hhb]H)) dh^ 

T[e,bU'^g {T^.^h'bW^h'-^Xii^^h'bjH)) dh' 



h':=hh , 



XG{[g,b]H), 
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where we have used the equahty dh = R^dh. The vector field Xq is an element of X{M)^: let 
b) h]H and g' G G, then we have 

= Tyg.g^,^^^^,-.XG{[g'g,h]H) 
= T^eMu'^a i^j^ {T^hMH^h'^X{[Kb]H)) dh 



XG{[gM 



Hj 



At last, we should show that Xq is smooth. Let X^ := ^*^Xdh be the averaged vector field which 
is clearly smooth on U ^ G B. Let ^ : H x (G x B) ^ G x B he the (smooth free and proper) 
twisted action of on G x that is ^{h{g, b)) = ^h{g, b) = {gh^^,hb) for sdl g e G, b e B, h e H, 
and let tth ■ G X B ^ G xh B U he the projection. We write <I> : G x (G x i?) ^ G x B for the 
left action of G on G x i?, given by g ■ {g' , b) = {gg' , b). Note that tth is G-equi variant. Let X^ be an 
i?-invariant vector field on G x i? such that X^ ^-kh X^ . Since X^ G X(G x B), it can be written as 
a sum = X^ + X^ with G r(rG x 0^) and X^ G r(OG x TB). Since X^ is smooth, X^l^^y^^ 
is also smooth, and there exists a smooth function ^ : i? — > g such that X'^{e,b) = {^{b),0) G g x Ofe 
for all b G B. Let (j)^ be the fiow of X^ . The points 0^(e, b) are elements of {e} x B for each t where 
0f (e, b) is defined. Define Y G X(G x B) by 

y(5, 6) := r(e,b)1>gXS(e, 5) = r(,,fe)Cl>gX^(e, b) + r(,,fe)$gX^(e, 6) =: Y^{g, b) + y^(5, 6). 

The vector fields Y'^ and Y^ have (j)f{g,b) = ^gexp{t^{b)){^jb) and (j)f{g,b) = '^gO cf)f[e,b) as flows, 
which are obviously smooth. Hence the two vector fields Y'^ and Y^ are smooth and so is Y . It is 
easy to see, using the fact that o = o for all 5 G G and h G H, that the vector field Y 
remains //-invariant and hence descends to G x^ B. The construction of Y and the G-equivariance of 
tth, yield that Y ^G- This automatically implies that Xq is smooth. We call Xq the G -invariant 
average of the vector field X. Note that Xq is, in general, not equal to X (at any point); it can even 
vanish. Indeed, we will see in the following that G-invariant vector fields are tangent to the orbit 
type manifolds (in reality, they are even tangent to the isotropy type manifolds, see [22] )• Hence, if 
we choose a G-invariant Riemannian metric on M and a section X of the (G-invariant) orthogonal 
TP-*- C TM\p of TP relative to this metric, where P is a stratum of M, its G-invariant average will 
remain a section of TP-^, but will also be tangent to P. Hence, it will be the zero section. For an 
analogous statement, see pS], Lemma 2.4. 

In the same manner, define for a G J7^(M) the G-invariant average ac G Q^{M)'^ of a as follows: 



aG{[g,b]H) = [<^>*g-i ^J^no^dhjj i[g,b]H), 
that is, for each point m' = [g, b]H £ U we have 

aG{[g, b]H) =( I ^ladh) o T[g^i,]„^g-i 



l^{ai[h,b]H)oT[,^,y^h)dh^ oT[3,b]^Vi. (11) 

In an analogous manner as above, we can show that ac is well-defined, smooth, and G-invariant. In 
the following, the one-form <I>^ad/i will be called . 

If {X, a) is a section of a G-invariant generalized distribution D, the section {Xq, cxg) is a G-invariant 
section of T). 
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Note that, in the same manner, we can define the G-invariant average fc of a smooth function / 
defined on the tube U of the action of G at m. The function fc is defined by 

fGi[g,b]H)= I f{[h,b]H)dh. 

Again, it is easy to check that fc is well-defined. The smoothness of fc can be shown with similar 
arguments as for the smoothness of Xq- 

Let P be a connected component of an orbit type manifold (recall dS])) and P := vr(i-*), where 
TT : M ^ M/G =: M is the orbit space projection. Since G is connected, the subgroup G^ of G such 
that ^g{P) C P for all g G G^ is equal to G. Hence the proper action of G on M restricts to a proper 
action of G on P satisfying ip o = <^g o ip for all g ^ G. Moreover, the action of G on P 
has conjugated isotropy subgroups and thus the quotient P/G is a smooth manifold. Let irp be the 
quotient map. Using the previous discussion, we can relate the differential structures on P, seen as the 
quotient manifold of P by the smooth and proper G-action, and as a stratum of the stratified space 
M. 

Proposition 5.2 Let P be a connected component of an orbit type manifold M^jjy The quotient P/G 
is diffeomorphic to the stratum it{P) = P of M . 

Proof: The bijectivity of the well-defined map A : P/G P, TTp{p) i— > vr(ip(p)) is easy. Note that 
we have vr o z,p = z,p o A o vrp. 

Let fp E G°°{P) and p G P in the domain of definition of fp. We have to find a neighborhood 
Up C P of p such that A*{fp\up) G G'^{P/G). Since fp G G°°(P), there exists a neighborhood 
U C M of p and / € G°°(M) such that fplup = f ° i^plup- Assume without loss of generality that 
Up = U nP. Since / is a smooth function on M, there exists / G G°°(M)'^ such that f = iT*{f). But 
then we have 

7rU^*{fp\up)) = {7r*p o A* o c*p){f) = {t*p o vr*)(/ ) = i*p{f) G G~(P), 

and hence A* (/p | [/^ ) G G°° (P/G) . 

Let fp/G G C^{P/G). We have to show that (A-1)*(/p/g) is an element of G°°(P). Define 
fp ■= TT*p{fp/G) G G°°(P)'^ and extend it to a function / G G°°(M), that is, L*p{f) = fp. Without 
loss of generality we can assume that / is G-invariant (otherwise, the G-invariant average of / will 
also pull-back to /p), and thus pushes-forward to / G G°°(M). Then we have 

{7,*p o A* o 4)(/) = {i*p o ^*)(/ ) = fp = nUfp/c), 

hence 

iA*oc*p){f)=fp/G 

since irp is a smooth surjective submersion. Prom this follows 

(A-^)*(/p/g) = ^p(/), 

which is an element of C°°{P). □ 
Thus, in the following, we will identify P and P/G without further mentioning it. 

5.2 Push-forward of vector fields and one-forms 

Consider a G-invariant local vector field X on M. Since X is G-invariant, the push-forward X := tt^X, 
define_d by 7r*((7r*A)(/)) = A:(7r*(/)) for every / G G~(M), is a well defined (local) derivation of 
G°°(M). Moreover, X generates a local one parameter group (pf- of local diffeomorphisms of M. Since 
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X is G- invariant, (j)^ commutes with the action of G on M, and it induces a local one-parameter group 
of local diffeomorphisms of M generated by ir-fX. Hence, tt^X is a (local) vector field on M. 
We write X{M) for the sheaf of (local) vector fields on M. Then we have 

vr, (X(M)^) = X(M) (12) 

(see p2], Theorem 6.10). In particular, for each stratum of M the tangent bundle space of the stratum 
is spanned by push- forwards by vr of G-invariant vector fields on M. It is easy to see that the sheaf of 
local vector fields on P is the set of local restrictions to P of elements of M. Also, Proposition 13.31 is 
also true for local vector fields. 

Yet, the class of vector fields on M that push- forward to vector fields on M is bigger than the class 
of G-invariant vector fields, as shows the next lemma. 

Lemma 5.3 If X ^ X{M), is such that [X,T{V)] C T(y), then it defines a derivation of the ring 
C°°{M)^ of G-invariant functions. Therefore, it pushes down to a derivation X of C°°{M). The 
derivation X is a vector field on the subcartesian space M . 

Proof: Let / G G°°(M)<^ and g e G, since [X,V] G r(V) for all sections V G r(V) we have, in 
particular, [X, = & T{V) for each ^ G g and thus: 

^MiX{f)) = Xia,if))-V^{f)=0, 

since V{f) = for all V G r(V). We get for all meM: 

t=o 

and hence, for all t G R: 

^(/) °^cxp({i+s)0("^) 

s=0 

X{f) O $exp(s5) (^exp(t5)("^)) 

= 



d_ 
di 



-X(/)oci>,,p(,^)(m)= - 




Since the Lie group G is connected, it is spanned as a group by every neighborhood of its neutral 
element, hence from the image of the exponential map. With this follows that the function X{f) is 
G-invariant. Hence X defines a derivation of G°°(M)^ and hence it induces a derivation X of the ring 
G°°(M) of smooth functions on M as follows: 

vr*(X(/)) :=X(vr*(/)) 

for all /G G°°(M). 

We have to show that X is a vector field on the quotient space M. Let (f>t be the fiow of X and let 
/ G G°°(M), i.e., 7r*(/ ) G G°°(M). We have to show that ^Kf) G G°°(M). From the definition of X 
follows the equality 

o vr = vr o 

where (pt is the fiow of X. Thus we have 

vr* (<^*(/))=0*(vr*(/)). 

Since X is a vector field on M, the function {j^*{f )) is an element of G°°(M), and hence (t)t{f ) an 
element of G°°(M). □ 
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Let X be as in the last lemma, and X the vector field on M with X X. Since X is a vector field, 
there exists a G-invariant vector field X'-' € jC(M)^ with X^ X (see (jl2p ). Thus, the vector field 
X can be written as a sum X = X^ + X^ , with X'^ a section of V (note that X^ is in general not 
equal to the G- invariant average Xq of X). 

Let a be a (local) G-invariant one-form on M annihilating vectors tangent to orbits of the action 
of G on M. For each G-invariant vector field X on M, the evaluation a{X) is G-invariant. Hence, 
there exists a smooth function 7r*(a(X)) defined on M by 7r*(7r*(a(X))) = a{X). Since a annihilates 
vectors tangent to orbits of G, it follows that iT^,{a[X)) depends on X through its push-forwards tt^X. 
In other words, there is a linear form vr^a on the space of push- forwards by tt of G-invariant vector 
fields on M such that 

(7r*a)(7r*X) = 7r,(a(X)) for all X G X(M)^. 
Moreover, for every / G G°°(M), 

(^.a)(/7r,X) = (7r,a)(^,(^*(/)X)) = ^,(a(7r*(/)X)) 
= 7r,(7r*(/))7r,(a(X)) = /(7r,a)(7r,X), 

that is, tt^kQ; is G°°(M)-linear. This implies that, for every stratum of M, the restriction of tt^kQ! to the 
stratum gives rise to a well defined one-form on the stratum. 

Definition 5.4 Let G be a Lie group acting properly on the manifold M. Let V be the vertical space 
of the action. A section (X,a) in T{TMQV°) satisfying [X,T{V)\ C r(V) and a G r(V°)'^ wih be 
called a descending section. 

We will need also a few more facts about one-forms of M. Indeed, we have a notion of vector fields 
on M, and know that these are exactly the push-forwards of descending vector fields on M. We want 
also to introduce objects which will play the role of one-forms on M. The definition of a one-form on 
M should be such that each element ap G 0^(P), where P is a stratum of M, is the restriction to P 
of a one-form on M. Thus, we could define a one-form as a G°°(M) linear map X(M) C°°{M), but 
since we want a one-to-one correspondence between sections r('V°)'^ and one-forms on M, we need to 
define these more carefully. 

By the space of Kdhler differentials ofC°°{M) over E. one understands a G°°(M)-module ^c°°(M)/u 
together with a derivation d : G°°(M) ^c°°(M)/R called Kdhler derivative such that the following 
universal property is satisfied (see [25 )• 

For every C°°{M)-module M and every derivation 6 : C°°{M) — > M there exists a unique H-linear 
mapping is : ^c°°(M)/r ~^ such that the diagram 

C°°{M)— — 




^C°°(M)/R 

commutes. 

In particular, if M = C°°{M) and (5 is a vector field X on M, we get X{f) = ixdf for each function 
/ G G°°(M) and ix is the inner product with X. 

Proposition 5.5 ([21J) The space ^c°°{M)/T!i exists and can be represented as follows. Let Q be the 
free C°°{M) -module over the symbols df with f G G°°(M), and 3 the C^{M)-submodule generated 
by the relations 

d{Xf + fig) - Xdf - fidg = for all A, G R, /, 5 G C°°(M) 
d{fg) - fdg - gdf = for all /, g G G~ (M) . 

Then ^c°°(M)/R = ^'^'^ ^ ■ C°°{M) — > ^c°°{M)/R ^-^ defined by f df + d- 
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From this it fohows immediately that each element of ^c°°(M)/r written as a sum Y2j9j^fj 

with finitely many gj, fj € C°°(M). 

Hence, let a = Y^j=igjdfj £ ^c°°(M)/r set a = J2]^=i'^*9j^i'^* fj) ^ TCV"). We have then for 
each G-invariant vector field X on M: 

n n 

7r*((7r,a)(7r,X)) = a{X) =Y,^*9,d{7T*fj){X) = tt* X (tt* fj) 

= 71"* "^Oj (7r*X)(/j) 1 = ^* '^9jin,xdfj 
\j=i J \j=i 

Hence, the C°°(M)-linear map vr^a : X{M) C°°{M) corresponds exactly to the C°°(M)-linear map 
X(M) ^ C°°(M) defined by a as follows: 

k 

a{X) ■= ij^dfj for ah X G X(M). 

i=i 

We set a =: TT*a. Thus, each Kahler differential on C°°(M) can be realized as the push- forward of an 
element of r(V°)'^. Conversely, we will see later that each element a G r('V°)'^ can be written as a 
sum a = X]j=i9i^/i with gj,fj G C°^(M)^ (see Lemma l5.9p and thus pushes-forward to the Kahler 
differential Yl'j=ii'^*9j)^i'^*fj)- element a G ^c°^{M)/R ^^^^ called a one-form on M and the 
set of one- forms on M will be denoted by Q^{M). We have shown the following proposition. 

Proposition 5.6 The one-forms on M correspond exactly to the push-forwards of elements o/r(V°)*^. 

Note that not every smooth section of the stratified cotangent space on M, i.e., a smooth C°°(M)- 
linear map X(M) C°°{M), can be realized as a one- form on M (see [23] for the definition and 
discussion). There is a non-trivial condition for this to hold; see Proposition 2.3.7 in [23]. Hence, since 
each element of r(V°)'^ pushes-forward to a one- form on M, there should be smooth C°°(M)-linear 
maps X{M) C°^{M) which can not be realized as push-forwards of elements of r(V°)*^. 

Note that for vector fields, we have the analogous fact that each vector field on M is the push-forward 
of a G-invariant vector field on M (see ()12p ). but that not all derivations on M are vector fields on 
M. 

5.3 Connected components of the orbits types 

Let be the everywhere defined family of local vector fields 

F^ = {X e X{Mf \ X = X'^ + X'^ with X'^ G X{Mf and G r(V)}, 

:= {(pt I X G F'-' , (pt flow of X}, and denote by A'-' the pseudogroup of local diffeomorphisms 
associated to the flows of the family F^, i.e., 

A'^ = {1} U {(/>i\ o---o(l)];'^ I n G M and or (C)"^ ^^w of X" G F^}. 

Let T be the smooth generalized distribution spanned by F^, that is 

7{m) = span{X(m) | X G F^ , m G Dom(X)}. 

Note that with Lemma 15.31 and the considerations following its proof, F^ is equal to 

{X G x(M) I [x,r{v)] c r(v)}. 

We will show that the distribution 7 is integrable in the sense of Stefan-Sussman and compare its 
leaves with the connected components of the orbit type manifolds. 
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Lemma 5.7 For each 5" G and for each m G Dom(9') C M , we have 

TmHnm)) = T(3-(m)). 

As a consequence, the distribution 7 is integrahle in the sense of Stefan- Sussman and its leaves are the 
A*^ -orbits. 



Proof: Assume first that 3" = (/>f G ^'^ for one vector field X G X(M) satisfying [X, r(V)] C r(V) 
(the general statement will follow inductively, since each element of A*^ is a composition of finitely 
many such diffeomorphisms) . Write X as a sum X^ + X^ with X^ G X{M)^ and G r(V). Let 
V G T(m), then v = Y{m) = Y^{m) + Y^{m) for sections G X{M)^ and Y"' G r(V). By the 
Trotter Product Formula (see for example [22])! the flows (f)^ and (jy^ of the vector fields X and Y are 
given by 

lim o<})^^y and </.f = Jirn^ ((^^^^ o " , 



n-^oo 

where t/)'''"'^, 0"'''^, (f^'^ , and are the flows of the vector fields X'-' , X^ , Y^ , and Y^. But since 
X*^ and y*-' are G-invariant and X^ and Y^ are sections of V, the flows of the vector fields X'^ and 
y*^ commute with the flows of X^ and Y^. Hence, we get 



and 



The compositions 
and 



:= 0f o o 

define flows on M. Let Z, and be the vector fields associated to those fiows. We have then 
G X{Mf, G r(V) and 



kY 



kX 



yG 



, V"^ , vv 



, vG , vG 



The vector field Z is then equal to the sum Z^ + Z^ and it satisfies [Z,r(V)] C r(V). The equality 



T^0f (y(m)) = ^ 



ds 
d_ 
ds 



kX 



X t iX, 



s=0 

</>,(0f(m)) = Z(</.f(m)) 

s=0 

yields then the first inclusion TmCpf {7{m)) G 7{(f)f{m)). 

For the other inclusion, we use a similar method: let y = Y^ + y^ be a vector field satisfying 
[y, r(V)] C r(V) and defined on a neighborhood of (f)f{m). As above, the vector field Z corresponding 



to the fiow 
get 



kX 



kX 



can be written as a sum Z = Z'^ + Z^ and is hence a section of T. We 



Y{(t>f{m)) 



ds 
d 
ds 



s=0 



d 
ds 



o 6^, o 6( o 6^) (m) 



s=0 



s=0 



(0f o 0,) (m) = T„(/)f (Z(m)) G Tm<i>t{7{m)). 



□ 
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Theorem 5.8 The integrable leaves of the distribution 7 are exactly the connected components of the 
orbit type manifolds. 

Proof: Let N be the A'-'-orbit through the point m € M. We have to show that N = P, where P is the 
connected component through m of the orbit type manifold Mf^Q^y Let m' G N , then there exist vector 

fields Xi, . . . , e X(M)^ and T/i, . . . , G r(V) such that m' = ^4)^^ o . . . o 0^^* o o . . . o </.^') (m) 

(recall that the flows of the G-invariant vector fields commute with the flows of the sections of V). 
Hence, we can assume without loss of generality that m' = (j)f[m) with a vector field X G X(M)'^ 
or m' = (f>Y (m) with V a section of V. In the first case, the vector field X pushes down to a vector 
field X on M. Let be the flow of the vector field X. Since the strata of M are the accessible sets 
of the vector fields on M, the points 7r{m') = [tt o (f)^^ (m) = (f)f-{7r{m)) and 7r(m) lie in the same 
stratum of M, hence in tt{P). Since X is G-invariant, its flow is also G-equivariant. Thus, we have 
(/)^(gm) = g ■ (pf [gm) for all t where it is defined, and hence (pf-^m) G M^q^^ for all t. This yields that 
m and (j)f{m) can be joined by a smooth path in Mi^Q^y and consequently that they are in the same 
connected component of M^^Q^y that is, the connected component P. But since 7r{m') = TT{(j)f (m)), 
there exists g G G such that m' = ^g{(j)f (m)) and since the action of G on M restricts to P, the 
point m' is also an element of P. In the second case we have m' = (pY (m) with V G r(V). Since the 
vector field V is tangent to the G-orbits, its integral curve through m lies entirely in the connected 
component of the orbit type manifold through m and we are finished. 

For the other inclusion, let m' be a point of P. We have then 7r(m) and 7r(m') G '?r(P), a stratum 
of M. Thus, we can assume without loss of generality that 7r(m') = 4>^-{'K{m)) for some vector field 
X G X(M) (in reality, 7r(m) and 7r(m') can be joined by finitely many such curves). Let X G X{M)'^ 
be such that X r^T^ X and (f)^' its flow, then we have (vr o (m) = (pf (ir^m)) = iT{m'). Thus, there 
exist g £ G such that <^ g{(f)f {m)) = m! . But since G is connected, we find finitely many elements 
. . . , ^' G such that g = exp(^^) • . . . • exp(,^'), and hence we have 

■m' = (^cxp(Ci) ° • • • ° ^exp(50 ° (Pf) i^)- 

The curves <I*cxp(t5') • [Oi 1] ~^ i = ^, ■ ■ ■ ,1, are segments of integral curves of the sections of V, 
and <I>gxp(^i) o . . . o <I)j,^pj-^i^ o (f)f is consequently an element of A'^. From this follows m' £ N. □ 

An alternative proof of this theorem is based on Theorem 3.5.1 (stating that the distribution Tc 
spanned by G-invariant vector fields is integrable with leaves the connected components of the isotropy 
type manifolds). Proposition 3.4.6 in [22], and the fact that G • M'^ = where (respectively 

M^-^) is the connected component of Mh (respectively M^^jj)) containing m. 

Let P be a stratum of M, that is, a leaf of the distribution T. Since M is paracompact, there 
exists a G-invariant Riemannian metric p on M (see for example [13i). Consider the vector bundle 
TP = 7\p C. TM\p over P, and let TP^ be a G-invariant orthogonal complement of TP viewed as a 
subbundle of TM\p. We can describe the codistribution TP° in the following way: 

TP°{p) = {ixp{p) I X G r(TP^)} 

for all p P. Note that the Riemannian metric p allows an identification of the tangent bundle of M 
with the cotangent bundle via 

X G X(M) w ixp G n\M). 

The section ixP is G-invariant if and only if X is G-invariant. We will use this in the proof of many 
of the following propositions and lemmas. 

In the following, we will make use of the codistribution defined as the span of the G-invariant 
sections of V°: 

V°a{x) = {a. I a G r(V°)^} 
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for all X € M. 

This codistribution is in fact spanned by the exterior derivative of all G-invariant functions on M, 
as states the following Lemma. 

Lemma 5.9 The codistribution Vq can be described as follows: for each m ^ M we have 

V°(.{m) = span{d/(m) | / G C^{M)^}. 

Proof: We use the identity ((T^Gm)''"'")^™ = span{d/(m) | / G C°°(M)'^} (see [22], Theorem 
2.5.10), where 

{TmGmf''-^ := {a„ G T*^M \ a^{iM{m)) = for all ^ G fl} 
is the pointwise annihilator of the tangent space TmGm to the orbit Gm. We show 

span{d/(m) | / G C^{Mf} C V^(m) C {{T^Gmr^f"^ , 

and our claim follows from the equality above. The first inclusion is easy since for each function 
/ G C°°{M)'-', we have d/ G r('V°)'^. For the second inclusion, choose a{m) G V^(m), with a a 
G-invariant section of V°. Then we have a{(,M) = for all ^ G g and hence a(m)(^M(^7^)) = for all 
1^ G 0, that is a{m) G {TmGm)^^'^ . Since a is G-invariant, we have <I>^a = a for all h G Gm ^ G and 
hence, for all v G T^M we get 

where we have used that h ■ m = m since h G Gm- Hence we have (rm$/i)*(a(m)) = a{m) for all 
heGm and hence a{m) G ((T^Gm)^'^'^)'^'". □ 

Using this, we can show the following lemma. 

Lemma 5.10 Let P be a stratum of M , and Vp the vertical space of the induced action of G on P. 
We have the equality 

i*p{V°a) = {VpY C T*P. 

Hence, the map Lp : 'Vq\p ("\^p)° is an isomorphism. Thus, V^|p is a vector bundle over P and 

{V°a\py = V\p®TP^. 
For the proof of this we will need the following Lemma, which proof can be found in |16j . 



Lemma 5.11 If the action of a Lie group G on a manifold M is with conjugated isotropy subgroups, 
then the (smooth) annihilator V° of the vertical bundle V is spanned by its G -invariant sections. 

Proof (of Lemma [5. 101) : The inclusion ip(V^) C (Vp)° is easy. For the other inclusion, note that 
since all isotropy type manifolds of the action of G on P are conjugated, the codistribution (Vp)° 
is spanned by its G-invariant sections by Lemma 15.111 Therefore, by Lemma 15.91 each G-invariant 
section of (Vp)° is in the G°°(P)'^-span of {d/ | / G C°°{Pf}. Hence, each element d{p) G {Vp)°{p) 
can be written d{p) = Yl'j=i fjip)^9j\p with fj,gj G G°°(P)'^. Choose fj,gj G G°°{M) such that 
fj = L*pfj and gj = i*pgj for j = 1, . . . , k. Without loss of generality, the functions fi, . . . , fk, 91, ■ ■ ■ , dk 
are G-invariant (otherwise, their G-invariant averages will also restrict to /i, . . . , /fc, 5i, . . . , 5fc). Let 
a = X]j=i fj*^9j S r(V°)'^, then we have 

(/ \ \ fe k 

I 5^/jd5i 1 1 (p) = Yj{('*pfj){p)f^{^*p9j)\p = 5^/i(p)d5jlp = a{p) 

and the proof of the first assertion is complete, since we have shown that d{p) = (ipa)(p) G ii-p{'VQ)){p)- 
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From this follows that the map L*p : V^|p — > (Vp)" is surjective. For the injectivity, let a S rCV")*^ 
be defined on a neighborhood of p G P and such that i*pa = 0. The vector field X G X(M) satisfying 
ixp = a is G-invariant and hence tangent to P on P. Therefore, there exists X E X{P) with X X 
and we have i*pa = i*pixP = ijf'-p/O- But since ipO = we get X = using the fact that i*pp is a 
Riemannian metric on P. Hence, we have shown that a\p = 0. 

It remains to show the equality 

(y°a\py = v\p®TP^. 

Since V|p C TP C TM\p, we have V|pnrP^ = Op. Let first X G r(TP^), 1/ G r(V) and a G r(V°)^. 
Then we have a = iyp with Y G X(M)'^ and hence 

a\p{x + y|p) = pip(y [p, X + y|p) = p\p{Y\p, X) + p|p(y |p, y|p) 

= p\p{Y\p,X)+a{V)oLp = 0, 

since 1" is tangent to P on P, that is Y\p G r(TP). 

Now choose X G r((V^|p)°) C r(rM|p) and write X = X^ + X^ with X^ G r(rP) and 
G r(rP-L). Choose an arbitrary a G r(V°)'^. Then a = iyp with F G X{M)^. Again, Y is 
tangent to P on P and we compute 

= a\p{X) = a\piX^ + X^) = p\p{Y\p,X^ + X^) 
= p\p(Y\p,X^) + p\p(Y\p,X^) = p\p(Y\p,X^). 

Thus, we have X^ G r((V^|p)°). Since X'^ G r(rP), there exists X G X(M) with X\p = X^ and 
X G X{P) with X X. For each section d G r(V^) = iJ,(r(V^)), we have d = t|,a with a G r(V^) 
and 

d(X) = a{X) oLp = 0. 

But then X G r(Vp), which leads to X^ G r(V|p). □ 

With analogous methods as in the proof of the first part of the last Lemma, we can show the following 
proposition. 

Proposition 5.12 Each local one-form on P is the restriction to P of a local one-form on M . 

Proof: Let ap G f^^(P) and consider vrpap G Q}{P). Hence, we have vrpap G r(Vp)'^, and we can 
find, as in the proof of Lemma 15.101 an element a of rCV")*^ satisfying ipO = vTpQp. The one-form a 
pushes-forward to d G ^^{M) and, with 

TTpap = ipQ = LpTT*a = TTpi^d 

and the fact that vrp is a smooth surjective submersion, we get the equality of ap and t^d. □ 

Our last two lemmas are rather technical. Let Ep be the vector bundle Ep = TM\p © r*M|p 
over P, endowed with (• , ■) Ep = {• , •)\EpxEp- Note that this pairing is automatically symmetric and 
nondegenerate, since these properties are satisfied pointwise. 

Lemma 5.13 If the intersection D n {'^Q'^q) is smooth, then we have 

{D\p n (Te v^)|p)^ = p»|p + x\p + {TP^eTP°) 

as smooth generalized subdistributions of Ep endowed with {■ ,-)ep- 
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Proof: By Lemma [5.101 we know that {Vq\p)° = V|p © TP-^. From this follows immediately the 
equality: 

(Tev^)lp^ = {v\peTP^)eTP° = x\p(B{TP^eTP°), 

and hence also 

'X\p © {TP^@TP°)Y = {7@V°a)\p 



since (70 V^)jp and X\p © (TP^ @TP°) are vector bundles over P. 

Now, since the intersection Z)n(T©Vg) is spanned by the descending sections of D, it is in particular 
smooth. Its restriction to P is then also smooth and Proposition 14.41 vields 

{D\p n i'JeV°a)\p)^ = D\p + X\p + {TP^eTP°). 

(Note that the sum is not necessarily direct anymore.) □ 

Corollary 5.14 If the intersection D D {TQVq) is smooth, we have 

(Dn(Tev^))^ = D + X 

as smooth generalized distributions. 

Proof: The inclusion D + XC{Dn (Te"^G))"^ ^^^^y 

Let m € M. If m G M''*'s, the previous Lemma shows that {D n (70 V^))"^ (m) = {D + X){m) 
since M^'^^ is open and dense in M. 

Let m ^ P C. M \ M^^^, where P is a connected component of the orbit type manifold of m. Let 
{X, a) be a section of {D n {7 Q Vg.))"*" defined on a neighborhood U of m. Since U fl M^'^^ is open and 
dense in U, we find a sequence {xn)n<^K in C/ fl ilf^s converging to m. Since {X, a) is smooth, we have 
lim.n^oaiX{xn),Oi{xn)) = {X{m),a{m)). But from above we know that {X{xn), a{xn)) G {D + OC){xn) 
for all n € IN. Since the sum D + IK is closed, we have {X{m), a{m)) € (D + 3C)(m). □ 

We present here an example inspired by [3] to illustrate the theory. In the following, we denote by 
7g the distribution on M spanned by the family of G-invariant vector fields on M. 

Example 5.15 We consider the diagonal action "I? of G := S0(3) on M := x R'^, that is, $ : 
S0(3) x(R3 X R3) ^ r3 X R3, ^{A,v,w) ■.= A-{v,w) := {Av,Aw). This action is proper since S0(3) 
is a compact Lie group. 

We have ^Aiv,w) = {v,w) if and only if Av = v and Aw = w, i.e., the rotation A fixes v and w. 
Hence, we have the following three cases: 

1. (vjw) = (0,0): in this case the isotropy subgroup is G(o,o) = S0(3), 

2. V and w are linearly independent: „,) = {Ids}, 

3. V and w are linearly dependent and not both equal to zero; without loss of generality assume 
that V ^ 0: G(t, = {A ^ S0(3) | A is a rotation with axis v}. 

Thus there are infinitely many isotropy type manifolds (one for each fixed direction w G in the third 
case) and three orbit type manifolds Mq := M(go(3)),M2 := -^({ids}); and Mi := M(so(2))! where 



^cos a — sin a 0^ 
S0(2) ~ ^ I sin a cos a 
1. 




aeR} C S0(3) 



is the isotropy subgroup of (63,63), corresponding to the isotropy type manifold 

^S0(2) = {{ae3,bes) \ {a,b) G R^ \ {(0,0)}} . 
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Define fij2,h : x ^ R by fi{v,w) = \\vf, f2{v,w) = H^f and h{v,w) = {v,w). The 
pairs {v,w) and {v',w') are in the same G-orbit if and only if the three functions are equal on {v,w) 
and {v',w'). Indeed, if ||?;|| = \\v'\\, \\w\\ = \\w'\\, and {v,w) = {v',w'), then there exists a rotation 
A £ SO (3) such that Av = v' and Aw = w' . 

The orbit space is thus diffeomorphic to the subset M of R^ defined by 

M :={{fij2,h){v,w) I Ku;) GR3 xR3}; 

hence M := {{x,y,z) G R^ \ x,y > and < xy} by the Cauchy-Schwarz inequality. This is a 
stratified space with three strata 

Po:= {(0,0,0)} =Afo/SO(3), 

A := {(x, y,z)eR^\x,y> 0, (x, y) / (0, 0) and = xy} = Mi/ S0(3), 
P2 := {(x, y,z) eR^ \x,y > and < xy} = M2/ S0(3) 

(compare with Proposition I5.2p . In the figure below we have represented the strata Pq (the point 
(0,0,0)) and Pi (the surface without the singular point (0,0,0)) of the reduced space M = (R^ x 
R^)/ S0(3). The manifold P2 is the open set "inside" the surface. 

z 




We use the coordinates (xi, yi, zi, X2, y2, -^2) on R^ x R^: 

V ■= {v,w) = {xi,yi,zi,X2,y2,Z2)- 

The invariant functions /i , /2 , fs are given in these coordinates by /i (p) = xf + yf + zf, f2 (p) = 
3^2 + + ^2! ^'^d fsip) = x\X2 + y\y2 + z\Z2. Using Lemma [5^ and the fact that the three invariant 
polynomials /i,/2,/3 form a Hilbert basis for the set of S^-invariant polynomials on R6 (see [3] and 
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the Theorem of Schwarz-Mather as presented in e.g 
V^(p) = span{d/i,d/2,d/3}(p) 
= span 



has a quick summary), we get: 



f xidxi + yidyi + zidzi, X2da;2 + y2dy2 + Z2dz2, 
\ xidx2 + X2dxi + yidy2 + y2dyi + 2;idz2 + Z2dzi 



ip)- 



The vertical distribution is easily computed to be 

V{p) = span ^ 



xidy^ - yidx^ + X2<9y2 " y2dx2, 
zidy^ - yidz-, + Z2dy2 - y2dz^ 



ip)- 



We also get 



7{p) = span < 



>(P), 



Xi := xidx^ + yidy^ + zid^^, X2 := 2:25^.2 + ^29^2 + 228^2, 
X3 := xidx2 + yidy2 + zidz2, ^4 := X2dx^ + y2dy^ + Z29^i 
X5 := xidy^ - yidxi + X2dy2 - y2dx2, 
Xe := xidz^ - zid^^ + X2dz^ - Z2dx2, 
X-j := zidy^ - yidz-^ + Z2dy2 - y2dz2, 
Xg ■■= {y2Zl - Z2yi)dx^ + {Z2XI - ZiX2)dy^ + {x2yi - y2Xi)dzi 
Xq := {v X w)xdx2 + iv X w)ydy2 + {v x 10)^8^2 
Xio := {{v xw)x v)xdx^ + {{v x w) x v)ydy^ + {{v x w) x t;)^^^, 
+ {{v xw) X w)xdx2 + {{v xw)x w)ydy2 + {{v x w) x w)zdz^, 

where {v x w)x, {v x w)y and {v x w)z are the x-, y- and z-components of the vector product v x w, 
and 

7g (p) = spauR {Xi , X2 , X3 , X4 , X8 , Xg , Xio } (p) 

for allp G IR3 ^ ]r3 

We verify the statement of Lemma 15.101 for this particular exemple. We denote by lm^ '■ Mi ^ M 
the inclusions for i = 1,2, 3. We have to show that t^. (Vq) = O^MiT for i = 1, 2, 3, where is the 
vertical space of the induced action of G on the stratum Mj. The statement is obvious for the two 
strata Mq and M2 since the first is a point and the second is an open set in M. Hence, we study the 
manifold Mi. We have a G-equivariant diffeomorphism 



^: S2x(]R2\{(o,0)}) 
(n, (a, 6)) 



where the G-action on x (R^ \ {(0,0)}) is given by 

S0(3)x (S2 X (E2\{(o,o)})) 
{A, {u,{a,b))) 



Ml 
(au, bu) ' 



S2x(R2\{(0,0)}) 
{Au, (a, 6)) 



The vertical space of the SO(3)-action on Mi corresponds thus to the tangent space of the sphere 
TS^ {0} via the identification ip. Hence ^p* ((Vmi)°) is spanned by the two one-forms da and d6, 
where a, b are the coordinates on the IR,^ \ {(0, 0)}-factor. 
The functions {ip* o i*]^^)fi, i = 1,2, 3, are given by 

[{ip* oL%j^)fi){u,a,b) = a^, ((V-* o 4,^^/2) (n, a, 6) = 6^, and ((V-* o ^^J/g) (n, a, 6) = a6. 
We get hence 



((r o.^Jd/i) {u,a,b) = 2ada, [{^ o 4/Jd/2) (n,a,6) = 2fed6 
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and 

((■0* o '-Mjd/s) {u, a, b) = adb + bda. 

Since the coordinates a and b are never simultaneously zero on x (R^ \ {(0,0)}), we conclude that 
(il)* o i^j)("\7^) is spanned at each point of x (H^ \ {(0,0)}) by the values at this point of da and 
db. This proves the desired equality {Vmi)° = '-MjC^^g)- 

Another interesting fact to be checked directly is the equality between the accessible sets of the 
distribution T (respectively Tg) and the orbit type manifolds (respectively the isotropy type manifolds). 
The flows 0^ , . . . , <p^^ of the vector fields Xi,. . . , Xio are given by 

(e*w,u;), cl)f{v,w) = {v,e''w), 
{v,tv + w), (l)f{v,w) = {tw + v,w), 

Re3,f{v,w), (l)t{v,w) = Re2-f {V,W), (fliv ,w) = Re^^t ' {v ,w) , 

exp{tBw) ■ {v,w), 4>tiv,w) = exp{tBy) ■ {v,w), 
exp(tS^x«>) • {v,w) 

where i?ei,t ^ SO (3) is the rotation about the Cj-axis by the angle t G R and 

(0 Z2 -y2\ 
-Z2 X2 Gso(3), for W = {x2,y2,Z2)- 
2/2 -X2 / 

A straightforward computation for the rotations about the axes shows that Aex.p{tByj)A~^ = ex.p{tBAw) 
for all A G S0(3). Since B^w = it follows that exp{tByj)w = w and exp{tByj) G S0(3) is a rotation 
with axis w if w ^ 0, and the identity if it; = 0. 

We have (pl{0, 0) = (0, 0) for i = 1, . . . , 10 and all t G R, which shows that the accessible set of 7 
and of 7g through the origin (0, 0) is the origin and we recover the orbit and isotropy type manifold 

{(0,0)} = M(so(3)) =Mso(3)- 

If V and w are linearly independent (respectively dependent), it is easy to verify that the two 
components of (pl(v,w) are linearly independent (respectively dependent) for i = 1,...,10 and all 
t G R. This shows that the flow of each of the vector fields Xi,... , Xiq leaves the orbit type manifolds 
invariant and that the flows of each of the spanning vector fields of 7g leaves the isotropy type manifolds 
invariant (note that 0f (f , w) = (pliv, w) = (t)t^{v, w) = (f , w) if v and w are linearly dependent). Hence, 
we have to verify that each two pairs of vectors in the same isotropy (respectively orbit) type manifold 
can be joined by a concatenation of paths formed by pieces of integral curves of the vector fields 
spanning 7g (respectively 7). 

We start with linearly dependent pairs. Choose (w, w) ^ (0, 0) and [v' , w') ^ (0, 0) in the same 
isotropy type {{au,bu) | a, 6 G R, (a, 5) ^ (0,0)} for some tt / in R^. Write {v,w) = {au,bu) and 
{v',w') = {a'u,b'u). There are several different cases to be considered. 

1. If aa' > and bb' > 0, then {v,w) can be joined to {v',w') by flow lines of cj)^ and 0^. Indeed, if 
we set ti = In(^) and t2 = In(^), we get {a'u, b'u) = {(fl^ o (f>lj{au, bu). 

2. If 6 / and a' / 0, set ti = ^ and ^2 = ^ and get (^| o (j)f^){au,bu) = (t>l{a'u,bu) = 
{a'u, b'u). 

3. If a / and b' ^ 0, set ii = ^ and t2 = ^ and get {^f^ o ^^^){au,bu) = (t)\{a'u,bu) = 
{a'u, b'u). 

4. If aa' > and 6 = = 0, set t = In(^). Then (a'u, 0) = ^^(au, 0). Use the same method with 
(f)^ for the case bb' > and a = a' = 0. 



(I)t{v,w) = 
4>t{v,w) = 
4{v,w) = 
cl)l{v,w) = 
4>f{v,w) = 
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5. If aa' < and b = b' = 0, then (au, —au) = (j)'^^{au, 0) and we can continue as in case 2. Use the 
same method with and case 3 for the case bb' < and a = a' = 0. 

To join two pairs {au, bu) and {a'v, b'v) in the orbit type manifold of linearly dependent pairs (choose 
u and V of unit length), we use a combination of integral curves of X^,, Xq, Xj to send (au, bu) to {av, bv) 
by a rotation and then wc proceed as above using integral curves of Xi, X2, X^, and X4. 

The isotropy type manifold through a linearly independent pair is equal to the orbit type manifold 
through this pair: 

Midg = M(id3) — {(^j'"^) e E.^ X I {v,w) linearly independent}. 

It is then possible to join two pairs of this type by integral curves of the vector fields Xi, . . . , X4 and 
Xg, Xg, XiQ. First, wc show that if v' , w' lie in the span of v, w, wc can join {v, w) to {v' , w') by pieces 
of the integral curves of Xi, . . . ,Xn. Indeed, there exist a,b,c,d € R such that v' = av + bw and 

w' = cv + dw. 

1. If 6 = (that is, v and v' are linearly dependent), then o and d have to be nonzero because 
av + bw = av and cv + dvu are linearly independent. We have then several subcases: 



a) If a > and d> 0, then {av, cv + dw) = {^1^^ ° 4>c° 'i^hid)('"' '"^)- 

b) If a > and d < 0, then we have 

( </>lna ° (l^l+d<l^ ° ^L-d) °4>l° <2M£> ]{V,W) 
\ ^ <v,v> ^ ' <v,v> J 

< V,V > 









'in a 


( 


*^c+d' 








'in a 


( 


€^d. 








'ino 


( 





° (Pln(-d) °<Pn\ ^V,W V 

,2 \ f < V,W > \ , 

° K{-d) ] ( ^' + yy '" J = + ^^)- 

We have used the fact that since v and w — ^^'^^ v are orthogonal, the rotation exp(7r5^) 
of angle tt around the axis spanned by v sends w — ^^'^^ v to —w + ^^f^v. 

c) If o < and d > 0, then we have in an analogous manner 

(^^U-a) ° (c Id ° ^'^'"^ ° ° ^'^ <"„'^> ) " ^ 

d) Finally, if a < and d < 0, we have (^<Pi^(^_a) ° ^-c ° ^in{-d) ° ^^'^) ^) ~ ('*^' '^^ dw). 

2. If 6 7^ 0, choose ti such that tib — a ^ and t2 = t^-a ■ Then we have (^^^ o (f)f^){v,w) = 
{{l + tit2)v + t2W,w + tiv). Since (1 + ^2)6-^20= (l + *! j^^) tif^ = (l + ^) = 0, 
the vectors av + few and (1 + tit2)v + t2W are linearly dependent and we continue as in case 1. 
(Using an integral curve of (f)^^, we can also first rotate v and w around the axis v X w so that 
the image of v and v' are linearly dependent, and then continue as in case 1.) 

Then, to simplify the problem, we assume, without loss of generality, that the plane spanned by 
{v, w) is the xy-plane axy (spanned by ei and 62). By the considerations above, we can bring {v, w) to 
(ei, 62) along pieces of integral curves of Xi, . . . , X4. Hence, to finish the proof it suffices to show that 
we can use pieces of integral curves of Xg, Xg, Xio to bring the plane spanned by ei, 62 to the plane a 
spanned by an arbitrary linearly independent pair {v',w'). If {v',w') spans the xy-plane axy, we are 
done by the considerations above. Otherwise, there are again two cases 
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1. If a is equal to the plane a^z spanned by ei and 63, then we have (ei, 63) = ^2) and we 
are done. 

2. If not, there exists a unit vector u € spanning the intersection Uxz H a. Then there exists 
ti G R such that (u, 62) = exp(tii?e2)" (^i; 62) = 4>\^ (ei, 62). If 62 lies in a, the vectors u and 62 are 
linearly independent by construction and we are done. Otherwise, let v! be a unit vector spanning 
the intersection of a with the plane spanned by 62 and exp(tSe2)e3 (this is the plane orthogonal to 
u). Then there exists ti such that (u, n') = exp(i2-BM) ■ (w, 62) = exp(t2i?ti) exp(tiSe2) ' (^i, 62) = 
(4oc/>8)(ei,e2). 




These considerations illustrate Theorem 15.81 stating that the integral leaves of T are the connected 
components of the orbit type manifolds and Theorem 3.5.1 in [22] stating that the integral leaves of 
Tc are the connected components of the isotropy type manifolds. 

We study now properties of the stratified space M. We want to show that the restrictions of the 
vector fields on M to the strata of M span the tangent space of each stratum. The flows 0^, . . . , (p^^ 
associated to the vector fields Xi, . . . , Xiq defined by Xi for z = 1, . . . , 10 are given by 

4>t{x,y,z) = {(pj o vr) {v,w) = (vr o c/)]) {v,w) = 7r(e*t;,u;) = {e^^x,y,e^z), 
(t>i{x,y,z) = (x,e^*y,e*z), 

(x, y, z) = 7r(i;, tv + w) = {x, t^x + 2tz + y,xt + z), 
(t>t{x, y, z) = {t^y + 2tz + X, y, yt + z), 

(t>t{x,y,z) = (t>t{x,y,z) = (j)l{x,y,z) = (j)i{x,y,z) = (t)l{x,y,z) = 4>f'{x,y,z) = {x,y,z). 
This leads to 

Xi{x,y,z) = 2xdx + zdz, X2{x,y,z) = 2ydy + zd^, 
X3{x, y, z) = 2zdy + xdz, Xi{x, y, z) = 2zdx + yd^, 

^5{x,y,z) = Xe{x,y,z) = Xi{x,y,z) = Xs(x,y,z) = Xc){x,y,z) = Xio{x,y,z) = 0. 
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The last equalities are consistent with the fact that X5, . . . , Xiq are sections of the vertical space V. At 
the point (0, 0, 0), we have hence Xi{0, 0, 0) = . . . = ^4(0, 0, 0) = 0, and we conclude that the (trivial) 
tangent space of Pq is spanned by the values at (0, 0, 0) of the vector fields on M. The stratum Pi can 
be seen as the manifold given by the equation xy = in (R^ \ {(0, 0)}) x R. Thus, we know that the 
tangent space of -Pi is equal to the kernel of xdy + ydx — 2zdz at points of -Pi. We find thus that the 
values of X\ , . . . , at points of -Pi span the tangent space of -Pi (recall that x and y never vanish 
simultaneously on -Pi). The points (x, y, z) of the last stratum P2 satisfy x, y > and < xy. Hence, 
for p = (x, y, z) € P2, we have 

spanR{2a;9i: + zd^, 2ydy + zdz,2zdy + xdz, 2zdx + ydz}{p) 

( z z 2z 2z ^ 

= spauR <^ dx + —dz, dy + —d^, —dy + d^, —d^ + > (p) = spauj^ {d^, dy, d^} (p), 
L zx Zy X y ) 



where we have used — < 1 and the identities 

xy 

Finally, we study in the same manner the push- forwards of the three one- forms d/i, d/2, d/3 
spanning Vq. Denote by ai, 02, as these three "one- forms" on M (see Subsection 15. 2p . Since 
d/i, d/2, d/3 vanish at 0, we have ai(0) = 0:2(0) = 0:3(0) = 0, by definition, and we conclude 
span]f^{ai(0), 02(0), 03(0)} = TqPq. At points of -P2, we have oi = dx, 0.2 = dy, and 03 = dz. 
Finally, at points of -Mi, we have the equality 2/3d/3 = /id/2 + /2d/i and we get, as desired, 
span^{ai{x,y, z),a2{x,y, z),a3{x,y, z)} = spein^{dx,dy,dz}(^^ y z)/ ~, where ~ is the equivalence 
relation on spanj^jdx, dy, dz}(^^^y^z) defined by xdy + ydrc — 2zdz = 0. 

This shows that the restrictions of the "one-forms" on M to each of its strata span the cotangent 
space of each stratum, as stated in the considerations at the beginning of Subsection 15.21 together with 
Propositions [52] and Era 



z 2z 



2x \ y 



-dx + dz 



— —dy + dz 
2y \ x ' 



xyj 



xy 



y 



6 Singular reduction of Dirac structures 

6.1 The special case of conjugated isotropy subgroups 

In the special case of a proper action with conjugated orbit subgroups, the reduction theorem is shown 
in [16]. We recall its formulation here because the understanding of the construction of the reduced 
Dirac structure in this case can be helpful for the understanding of the general case. 

Theorem 6.1 Let G be a connected Lie group acting in a proper way on the manifold M , such that 
all isotropy subgroups are conjugated. Assume that D fl IK"*- has constant rank on M . Then the Dirac 
structure D on M induces a Dirac structure D on the quotient M = M/G given by 

D{m) = |(X(m),a(?fi)) G T^M x T^M 

for all in in M. If D is integrable, then also D is integrable. 

Remark 6.2 Note that the method we use for singular reduction yields this regular reduction theorem 
as a corollary of our general singular reduction theorems for Dirac structures (see Theorems 16.61 and 
16.51 in the next subsection) . 



3X € je(M) such that X ~ 
and (X,7r*o) G T{D) 



X 



(13) 
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As in the Poisson case (compare with [T^), it is also possible to prove singular reduction by using 
regular reduction. Indeed, if Q ^ Mh C M is a connected component of an isotropy type, it is possible 
to show that the Dirac structure D on M restricts naturally to a Dirac structure Dq on Q, which is 
A'^(i?)/i/-invariant if D was G-invariant, and integrable if D was integrable. To prove these statements 
one needs Proposition 14.41 and G-invariant averaging (see Subsection lS.ip . Since the action of N{H)/H 
on Q is free and proper, we can use regular Dirac reduction on the Dirac manifold {Q,Dq) and get 
a smooth quotient Dirac manifold {Q,Dq). The manifold Q is diffeomorphic to the quotient P/G if 
P = G ■ Q is the connected component of M(^ff^ containing Q. In fact, we have P = tt{P) = tt{Q) 
if vr : M — > M is the orbit map, and Q is then a stratum of the reduced space M. By construction, 
it is then easy to see that the reduced Dirac manifold {Q,Dq) is diffeomorphic to the reduced space 
(-P, Dp) that we will get in the next subsection. We want to thank R. Loja Fernandes for a discussion 
that resulted in this remark. A 

6.2 The general setting of a proper action 

Consider the subset D*-' of T{D) defined by 

= {{X,a) G T{D) I a e r(V°)^ and [X,r{V)] C r(V)}, 

that is, the set of the descending sections of D. 

We have seen in Lemma 15.31 that each vector field X satisfying [X, r("\7)] C r(V) pushes-forward to 
a vector field X on M. By the considerations in subsection 13.41 (see also Proposition 13. 3p . we know 
that for each stratum P of M, the restriction of X to points of P is a vector field Xp on P. On the 
other hand, if {X, a) € D*^, then we have a G rCV")*^ and it pushes-forward to the one-form a := vr^^a 
such that, for every Y G X(M) and every section Y of TM satisfying Y Y, we have 

TT*{a{Y)) = a{Y). 

Moreover, for each stratum P of M, the restriction of a to points of P defines a 1-form ap on P. Let 

V = {{X,a) I {X,a) G V^} 

and for each stratum P of M, set 

'Dp = {{Xp,ap) I {X,a)eT)}. 
Define the smooth distribution Dp on P by 

Dp{s) = {{Xp{s),ap{s)) G TsP x T;P | {Xp,ap) G Dp}. (14) 

Remark 6.3 Note that T{Dp) = Dp. Indeed, any (Xp,ap) G T{Dp) can be written as 

k 

{Xp,ap) = Y,rp{X'p,a'p), (X>,a»GDp, G C~(P). 
1=1 

Each (X^, a^p) has a smooth extension (X*, a*) G 2) which is a push forward of some element (X*, a*) G 
. Each function fp smoothly extends to a function /* G C°°(M), by the smooth structure of P as 
a stratum of M, which is a push forward of a function p G C°°(M)'^. Therefore Ya=i fi^' 

, a*) is a 

descending section of D and the restriction to P of its push forward to M coincides with (Xp, ap).A 

Theorem 6.4 Let (M, D) be a Dirac manifold with a proper Dirac action of a connected Lie group 
G on it. Assume that the intersection D fl {7QVq) is spanned by its descending sections. Then each 
element {X,a) G X(M) x Q,^{M) orthogonal to all the sections in T) is already an element ofT). 
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Proof: Let (X,a) G X(M) x n^{M) be such that a{Y) + f3{X) = for all elements {Y,/3) £ V. 
Let (y,/3) € r(D n (Te V^)) be such that y y and /? = 7r*(3. Choose also X E je(M) such that 
X ~7r and set a = 7r*a G r2^(M) (see Proposition 15.61 and the considerations after Lemma l5.5p . 
Then we get 

((X, a), (y, 13)) = (a(y) + /3{X)) o vr = 0. 

Since D n (T©V^) is spanned by its descending sections, we get {X, a) € T{{D n (T© V^))-*-). Hence, 
with Lemma EH we get (X, a) G T{D + D<:) and there exist X' G X(M) and V G r(V) such that 
{X',a) is a section of D and (X, a) = (X',a) + {V,0). Because of the definition of a, X, and V, we 
get immediately that {X',a) is a descending section of L> n (T© Vg). It is easy to see that X' X, 
and we have a = 7r*a. Thus {X,a) is an element of I). □ 

As a consequence of this theorem, we get that the set of pairs iX,a) G X{M) X n^{M) orthogonal to 
all the elements of D is D itself. Hence, it is natural to ask if Dp defines a Dirac structure on P for 
each stratum P of M. For the stratum M'^^^ = 7r(M''°s), this is automatically true since M^^^ is open 
and dense in M. 

Theorem 6.5 Let (M, D) be a Dirac manifold with a proper Dirac action of a connected Lie group 
G on it. Let P he a stratum of the quotient space M. If D f] {7 QVq) is spanned by its descending 
sections, then Dp defined in ()14p is a Dirac structure on P. 

Proof: Let the stratum P be a connected component of Tr{Mf^fj^) for a compact Lie subgroup H of 
G, and P the connected component of M(^h) such that 7r~^(P) = P. 

The inclusion Dp C Dp is easy. For the other inclusion, choose p £ P and p £ P CI M(^fj) such that 
7r(p) = p. Recall from Proposition 15.21 that the action <I> of G on M restricts to the proper action 
on P, and the quotient map tt restricts to vrp := 7r[p : P — > P. 

Let {Xp,ap) G X(P) x J^^(P) be a section of Dp defined on a neighborhood Up of p. Then there 
exists {X,a) G X(M) x 0^(M), with Dom(X,a) =: U, such that Xp X and ap = i*pa, and 
{X,a) G X(M)<^ X T{V°)^ defined on U := tt~''^U , such that X ~^ X and a = 7r*a. By RemarkESJ 
we find for each {Yp, Pp) G T{Dp) sections (y, a) G !> and (y, a) G 2)'^ such that y Y, Yp y, 
and Q = 7r*a, Op = tpo;. We get the equalities 

((X,a),(y,/3)) o.p = ((X,a),(y,^))ovro.p 
= ((X,a),(y,^))oipO^P 
= ((Xp,ap),(yp,/3p)) O7rp = 0. 

Since D n ('J'©'V^) is spanned by its descending sections, we get that {X, a)\p is a section of 

((z^n(T©v^))|p)^. 

But since -Dn (T©'V^) is spanned by its descending sections it is in particular smooth. By Proposition 
15.131 we get that (X, a)\p is a section of 

D\p + %\p + {TP-^@TP°). 

Thus, there exist for all x in the G-invariant set U DP an open neighborhood Ux C M of x, and sections 
{Z^, of D and of V defined on the whole of M (otherwise multiply them with an appropriate 
bump- function) , and sections G r(rP"'-) and 7^ G r(TP°) defined on P such that 

{X,a)\pnu. = {Z-,C)\pnu. + (V'^Mpnu. + 7")|pnc/.. 

Since M is paracompact, its open submanifold U' := Dx^pnljUx is also paracompact and there exists 
a locally finite refinement IXa of its open covering {Ux | x G P fl U}, where A is a subset of P H [/, and 
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a partition of unity {/JaIaga subordinate to IXa- Set P\\m\u' = for all A G A. Then all the functions 

p\ are defined on the whole of M. 



Define the global sections 



(z,c) = ^pa(^\C'), 



AeA 



and 



AeA 



Then (Z, C) is a section of D, F a section of V, 1^ G T{TP^) and 7 G r(TP°), and we have for all 

((Z,C)|P + (y,0)|p + (H^,7))(P') = ^PA(p')((^',C')(y) + iy\Q){p') + {W\^>^){p')) 

AeA 

= ^pa(p')(^,«)(p') = (^,«)(p')- 

AeA 

Consider the G-invariant averages Zq, Cg, Vg, IG, Wg of Z, (, V, 7, and W. We get for all 

p' = [g,b]H ePnU 



[Zg + + Wg) ip') = T^e,b]H% + V + W)) i[e, b]H)dh 

= T^eMn'^g T[^,b]H^h-^ {Z + V + W){[h, b]H)dh 



where we have used the fact that X is G-invariant and that [g, b]H in P f] U implies [e, b]H and 
[/i, G P n [/ for all /i G ii". In the same manner, we show that 

a(p') = (Cg + 7g)(p')- 

Thus we have 

{X, a) = {Zg, Cg) + (Vg, 0) + {Wg, 7g) 

on PnU. Since all involved distributions V, TP^, TP°, and D are G-invariant, we have still Vg G r(V), 
Wg G r(rP^), 7G G r(rP°), and (^g,Cg) e r(D). But now we have X - Zg - Vg e r(T) and 
hence {X - Zg - Vg)\p G r(rP). Thus, the equality {X - Zg - Vg)\p = W^g G r(rP^) leads to 
Wg = {X — Zg — Vg)\p = 0. The section X^^ G r(TP^) satisfying ix^^p\p = 7G is G-invariant, since 
7g is. Hence it is tangent to P and has to be the zero section. This shows that 7g = 0. 
Thus, we have 

{X,a)\p = {ZG,CG)\p + {VG,Q)\p, 

and simultaneously {Zg,Cg)\p G T {{D f] {7 QVq))\p). Hence, there exists a section {X',a') of D D 
(T© V^) defined on a neighborhood U' Q U of p such that {X' ,a')\pf-^iji = {ZG,CG)\pnU'i and hence 
{X, a) \pnu' = , ct') \pnu' + (Vg, 0) |pni7' • By G-invariant average (in the same manner as above, with 
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a partition of unity if needed), we can assume that (X', a') is G-invariant and that U' is G-invariant. 
Hence, {X',a') is a descending section of D, i.e., an element of D*^. Thus, there exists {X',a') G T) 
such that X' X' and a' = 11*61' , and {X'p, a'p) € "Dp such that Xp X' and a'p = i*pa' . At last, 
we compute 

_* / * — / * _* -/ * / 

TTpOp = TTpipOi = ipTT a = LpCt 

= Lpa = i*p'K*Q. = TTpi*pa = TTpap, 

which yields a'p = ap on the open set 7r{U' PI P) C Up with p S Tr{U' fl P). In the same manner, we 
compute 

{Tip O X'p) O TTp = X' O ip O TTp = X' O TT O Lp 

= {Ttt o X') oip = {Ttt o {X' + Vg)) o ip = {Ttt o X) o ip 

= XoTTOip = XoipO TTp = {Tip O xp) O TTp. 

Thus, we have shown that {Xp,ap) is an element of Dp, that is, {Xp,ap) is a section of Dp and 
{Xp,ap){p)eDp{p). □ 

Analogously to the regular case, we have also: 

Theorem 6.6 Let (M, D) be a Dirac manifold with a proper Dirac action of a connected Lie group G 
on it. Let P he a stratum of the quotient space M . Assume that the Dirac structure D is integrable and 
that Do {7@Vq) is spanned by its descending sections. Then the Dirac structure Dp on P introduced 
in Theorem \6.5\ is integrable. 

Proof: Let {Xp,ap) and {Yp,Pp) be sections of Dp. We want to show that 

[{Xp,ap), {Yp,(3p)] = {[Xp,Yp], £xpf3p - lYpdap) 

is also a section of Dp. From Remark 16.31 {Xp,ap) and {Yp,(3p) are elements of Dp and thus we 
find {X,a), {Y,(5) G T) such that Xp X, Yp Y, ap = L*pa, and Pp = i*pP. Furthermore, let 
{X, a) and (y, (3) be elements of D*^, i.e., descending sections of D such that (X, a) descends to (X, a) 
and (y, /3) descends to (F, By the proof of Theorem 16. 5^ we can assume that {X,a) and {Y,I3) are 
G-invariant. The section [(X, a), {Y,f3)] = {[X,Y], £xP — iyda) is then also a G-invariant section of 
D, since D is integrable. We have 

- iyda)(a/) =6/(/3(X)) + d/3(X,eM) - da{Y,^M) 

=0 + X{l5{iM)) - iM{f5{X)) - p{[X,iM]) 

- Y{a{iM)) + iivi{a{Y)) + a{[Y, ^m]) 
=X{<d) - - /3(0) - y(o) + + a(0) 

for all C € 0, where we have used that (3{X) and a{Y) G C°°{M)^. Hence £x(3 - iyda G T{V°)^ , 
[(X,a), (y,/3)] G and there exists (^,7) G t> such that [X,Y] ~^ Z and 7r*7 = ^x/S - iyda. 
Let {Zp,^p) be the corresponding pair in T)p. We want to show that Zp = [Xp,Yp] and £xpPp — 
iy^dap = 7p. 

Since we have {X,a), {Y, P) G T{D n {7@V°q)), there exist X and Y in je(P) such that X X 
and y ^,p Y. Set a = L*pa and ^5 = We have [X,Y] r^,p_ [X,Y] and [X,_Y] G X(P)^. We have 
the equality ipoTTp = tto ip and consequently, since X X and y X 

and y ~tp07rp y. Hence, because X, Yp ^i^p Y, and by Proposition 13.31 we get X Xp 

and y ~7rp Yp, and also [X,y] [Xp,yp]. But in the same manner, we have [X,y] ~tp07r Z, 
thus [X,y] ~t^07rp -^j and [Xp,yp] Z. Because of the uniqueness of Zp (Proposition 13. 3|) . we get 
Zp = [Xp,Yp]. 
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In the same manner, we have 



7i"p(7p) = 7rp(i]57) = {t'P ° 7rp)*(7) = (vr o z.p)*(7) = L*p{£xf3 - iyda) 

= {£ j^j3 — iyda) 
= 7r*p{£xp/3p - lYpdap). 

Thus, using the fact that vrp is a smooth surjective submersion, we get the equahty of £ XpPp — 'iYp^oip 
and 7p. □ 

We end this subsection with examples. 

Example 6.7 Let (M, {• , •}) be a smooth Poisson manifold with a canonical and proper action of a 
Lie group G on it (recall that the action of G on (M, {• , •}) is canonical if {'I'g/i, ^*gf2} = ^*g{fii f2} for 
all /i, /2 G C°°(M) and g & G). Let D|. .} be the Dirac structure associated to the Poisson structure, 
that is, Z){. .}(m) is defined by 

i?{.,}(m) = {(X/(m),d/(m)) | / G C^iM) and Xf = ^(d/) G X(M)} 

for all m G M, where (j : T*M — > TM, d/ i-^ = {•,/}, is the homomorphism of vector bundles 
associated to {• , •}. Since the action of G on (M, {• , •}) is canonical, it is a Dirac action on (M, D^. .}). 

By Lemma [5. 91 we know that Vq is generated by the exterior differentials of the G-invariant functions 
on M. Using the fact that the action of G on M is canonical, it is easy to check that the vector field 
Xf associated to a G-invariant function / is G-invariant. Hence, we get 

(D n (Te V^)) (m) = span{(X/(m),d/(m)) | / G G°°(M)«}. 

This yields, automatically, that Dn(T©Vg) is spanned by its descending sections. Hence we can apply 
Theorems 16.41 and 16.51 to the Dirac G-manifold (M, Z){. .}). Thus, each stratum of M inherits a Dirac 
structure Dp induced by D^. .y. Since D^. .y is integrable, the Dirac structure Dp is also integrable 
by Theorem 16.61 

We want to show that the codistribution Pf induced by Dp (see Example 14. ip on P is equal to 
T*P. To see this, we show that dfp G F (pf^ for all fp G G~ (P). Let fp G G°° (P) and choose 

/ G G~ (M)_with Lp{f) = fp. Set / := tt*/. Then, as above, we have {Xf,df) G , and hence 
there exists X G X{M) such that (X/,d/) descends to {X,df) G fi. Since the restriction of d/ to 
P is equal to dfp, we get the existence of Xp G X (P) such that {Xp, dfp) in "Dp. Hence, dfp is a 
section of Pf . 

Since Dp is integrable and Pf is constant dimensional and equal to T*P, the Dirac structure Dp 
defines a Poisson bracket {• ,-}p on C°°{P) by 

{fp^9p}p = -Xfp{gp) = Xgpifp), 

where Xf- and Xg- are such that {Xf-, dfp), {Xg-,dgp) G Dp = T{Dp). For a proof of this, see for 
example [4]. 

For fp,gp G C°° (P) choose, as above, extensions /, 5 G C°° (M) and set / = vr*/, g = 7r*g. Then 
we have TTpgp = i*pg and there exists X G X(P) such that X and X ~7rp -'^/p- Thus, 

iW.g] = -i^UXfig)) = -X{i*pg) = -X{n*pgp) = -nUXf-igp)) = 7T*p{fp,9p}p- 

This shows that, in the terminology of [22], (M, {• , •}, P, G) is always reducible if G acts properly 
and canonically on the Poisson manifold M and P is a connected component of an orbit type manifold 
of the action. 
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Example 6.8 We consider the example of the proper action $ of G := on M := E,^ given by 

a ■ {x,y,z) = {x cos a — y sin a, x sin a + y cos a, . 

The orbit type manifolds of this action are Pi = {0} x {0} x R, that is, Pi = Mh-^ with Hi = S^, 
and P2 = K,^ \ Pi, so P2 = Mh^ with = {!}• The orbit of a point {x,y,z) G [(^x',y\z') \ 

x''^ + y'^ = + and z' = z}. Thus the reduced space M can be identified with [0, +00) x IR, with 
the projection vr given by 

T^{x,y,z) = (x^ + y^,z). 

It is easy to compute, for each a G S^: 

^^{dx) = cosadx — sinady 
^a{dy) = sin ac^a; + cos ady 
Kidz) = 

and 

(dx) = cosadx — sinady 
(dy) = sinadx + cos ady 
Kidz) = dz. 

Hence, the Dirac structure D given as the span of the sections 

{dx,dy), {dy, -dx), (8^,0) 

is S^-invariant, that is, the Lie group acts on (M, D) by Dirac actions. 
The set is spanned as a C°°(M)-module by the sections 

{ydx - xdy, xdx + ydy) and ((9^ , 0) . 

Note that the section [xdx+ydy, ydx—xdy) is also S^-invariant but its cotangent part doesn't annihilate 
the vertical space. Also, since is Abelian, the vertical space is spanned by the S^-invariant vector 
field ydx — xdy and we have only to consider S^-invariant vector fields and not descending vector 
fields, in general. Thus T) is the C°° (M) module generated by the pairs (5^,0) and (0,xdx), with the 
coordinates x and z on M ~ [0, 00) x IR. 

Then we have T)p^ = sY>aiic°°(Pi){i^z-,^)} since x = for all p = (x,z) G Pi. Hence, the Dirac 
structure Dp^ on Pi = Pi/G = Pi is given as the span of the section (dz, 0). 

We have x 7^ for all p = (x,z) G P2. Hence, since Vp^ = span(^oo(p2){(c?z, 0), (0, xdx)}, the Dirac 
structure Dp^ on P2 = P2/G = (0, 00) x E, is given as the span of the sections {dz,0) and (0, dx). 

Example 6.9 Consider here again Example 1 5 . 1 5 1 wit h the Dirac structure given hyD = (TE3®{o})e 
({0}eT*lR3)^ i.e., 

D = span {(a,, , 0), (dy, , 0), (5,, , 0), (0, dxa), (0, dy2), (0, dz2)} . 

This Dirac bundle on K,^ x IR^ is obviously invariant under the diagonal action of S0(3), but the 
intersection D D {7 QVq) is not smooth. We have the descending sections 

{xidxi + yidy-^ + zidz^,0), (0,x2dx2 + y2dy2 + ^;2dz2) 

of D. Let {v,w) be a point where the function or one of the coordinates X2,y2,-22 vanish. Then 
linear algebra arguments show that there exists a linear combination of {xidx2 + yidy2 + zidz2,0), 
{x2dxi + y2dy^ + Z2dzj^,0), (yidx^ - xidy^ + y2dx2 - X2dy2,0), {zidy^ - yidz^ + Z2dy2 - y2dz2,0), and 
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{xidz^ — zidx^ — Z2dx2-,^) (sections of T©{0}) which is an element of {{TB? {0}) e{0})(?;, w) 

and hence of n {7 Q'V°q){v,w), but there exists no open neighborhood of this point such that this 
vector is the value at {v, w) of a vector field defined on this whole neighborhood and having all his 
values in Dn (TeV^). 

Hence the reduction theorems of this paper (Theorems l6.4l[63] and [6^ do not apply to this example: 
the action is canonical, but the hypothesis on smoothness of the intersection of D with T © is not 
satisfied. 

Example 6.10 Let us illustrate Theorems 16.51 and 16. 6i Consider again the manifold M = x 
with this time the (automatically proper) diagonal action of G = $^ on it, i.e.. 



$ : X (E^ X E^) 



'xi\ 1x2' 



W X E^ 

' xi cos a — yi sin a\ / X2 cos a — y2 sin a ^ 
xi sin a + yi cos a , X2 sin a + y2 cos a 



Zl 



Z2 



The functions 



Ri{v, w) = rl{v, w) = xf + y\ 
R2{v, w) = rj{v, w) =xl + yl 
d{v, w) = xiy2 - yiX2 = det 
s{v,w) = X1X2 + yiy2 = 

Zi{v,w) = Zl, Z2{V,W) = Z2 



X\ 

yi 

X2 

y2 

Xi X2 

yi 2/2 

Xl\ f X2 

yij ' 1^2 



are S -invariant. They also characterize the S -orbits of the action since d and s determine in a unique 
way the angle between the vectors {xi,yi) and {x2,y2)- Hence, the reduced manifold is the stratified 
space M = 7r(E^ x E^) C E^, where vr : E^ x E^ ^ E^ is given by tt{v, w) = {Ri,R2,d, s, zi,Z2){v, w). 
We conclude that M is the semi-algebraic set M = {(/i, /2, S, a, zi, Z2) € E^ | /i, /2 > and + 5^ = 
/1/2}. 

The two strata of M are Mq = {(0,0,0,0,2:1,2:2) I zi,Z2 G E} C E^, corresponding to the orbit 
(isotropy) type manifold M^i = M^^i) = {(0, 0, 0, 0, zi , 2:2) | 2:1,22 € E} C E^ with trivial S^-action on 
it, and Mi = {(/i, /2, S, a, zi, 22) G E^ [ (/i, /2) 7^ (0, 0) and = /1/2}, corresponding to the orbit 

(isotropy) type manifold M{o} = M(^{o}) = {{xi,yi, zi,X2,y2, Z2) G E*^ | (xi,yi) / (0,0) or (^2,^2) 7^ 
(0,0)}. 

Let U be the open set U := E>o x E^ C E^. Since the points (/i, f2,S, a, 21, 22) in Mi satisfy /i > 
or /2 > 0, we have two charts for Mi, namely (^i(C/), "0]"^) and (^2(^^)5 '02'^); where 

V'l : E>o X E-^ ^ 

(/l,(5,Cr,2i,22,) ^ 

V'l"' : MU) ^ Ml ^ 

(/l,/2,(5,Cr,2l,22) ^ 

and 

^P2 : E>o X E^ 

{f2,6, a, 21,22) 
V'2"^ : MU) ^ Ml 

{fl,f2,S, cr, 21,22) 



Ml 

(/i,^,<5, (7,21,22) 

E>o X E"^ 
(/i,(5, cj, 21,22) 



^ Ml 
^ {^j2,S,a,zi,Z2) 
E>o X E^ 

^ (/2, 5,0-, 21, 22) 
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We compute the distributions 7 = 7g (note that V is spanned by S^-invariant sections because the Lie 
group is Abehan) and the codistribution Vq. We have 



G — ^P^^C°°{M) 



dzi, dz2, xidxi +yidyi, X2dx2 + y2d?/2, 
xidy2 + y2da;i - X2dyi - yidx2, xidx2 + a;2da:i + yidy2 + y2dyi 



and 





= dzi, 


X2 ■— dz2, 




> 


Xs 


= xidxi 




X4 


= X2dx2 


+ y2dy2, 


< ^5 


= yidx2 


— X\dy2i 


Xe 


= y2dxi 


-X2dy^, > 


X7 


= xidx2 


+ yidy2, 


Xs. 


= X2dxi 


+ y2dy, , 


[ X, 


= xidy^ 


- Vidxi , 


Xio 


•■= X2dy^ - y2dx2 . 



7 = spaUfjoof^M) ' 



Note that V is spanned on M by Xg + Xiq = xidy^ — yidx^ + X2dy.^ ~ y2dx2- 

We compute the flows associated to the spanning vector fields of 7 and find (still using the coordinates 
{v,w) = {xi,yi,zi,X2,y2,Z2))- 



4>l{v,w) 



(t>l{v,w) = 



bl{v,w) 



(f)l{v, w) 




xi suit + yi cos t 



(X2 cos t — y2 sin 
X2 sin t + 2/2 cos t 



Z2 



which are all easily verified to be S^-invariant. It is easy to check that the two orbit (isotropy) type 
manifolds are the accessible sets of the distribution 7 = 7g- 



We compute with this the flow 0* of the vector fleld Xi satisfying Xj 
We have 



Xi for each i = 1, 



,10. 



4>t{fiJ2,S, a, zi,Z2) 
4>t{fiJ2,S, a, zi,Z2) 
4>tifiJ2,S, a, zi,Z2) 
4>t{fiJ2,S, a, zi,Z2) 
4>t{fiJ2,S, a, zi,Z2) 

4>t{flJ2,S, a, Zi,Z2) 

(fl{fij2,S, a, zi,Z2) 
4>t{fiJ2,S, a, 21,2:2) 
4>t{fiJ2,S, a, 21,22) 

0t°(/l,/2,5, Zi,Z2) 



(j)l{7:{v,w)) = vr o (l)j{v,w) = (/i, /2, 5, o", 21 + t,Z2), 

4>t{'^{v,w)) = TT O (t)t{v,w) = {fl,f2,6,a,Zl,Z2+t), 

(e^*/i,/2,e*5, eV, 21,22), 

(/i,e^*/2,e*5, eV, 21,22), 

(/i, t^fi + /2 - 2t6, -fit + 6, a, 21, 22), 

(/i + t^f2 + 2t5, /2, f2t + 6, a, 21, 22), 

(/i, i'/i + /2 + 2ta, 5, fit + a, 21, 22), 

(/i + t^f2 + 2ta, /2, 6, fit + a, zi, 22), 

(/i) f2, S cost — cr sin t, (5 sin t + crcost, 21, 22), 

(/i; /2, csint + (5 cos t, (7 cos t — (5sint, 21, 22). 
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This leads to 



Xi{fi,f2,S,a,zi,Z2) = dzi, X2{fij2,S,a,zi,Z2) = d^^, 

Xsifi, f2, zi,Z2) = 2fidf^ + 5ds + ad„, ^4(/i, /2, 5, cf, zi,Z2) = 2/2^/2 + + ad^, 
X5ifi,f2,S,a,zi,Z2) = -2(59/2 " h^s, Xeifi, f2,S,(J, zi, Z2) = 26df^ + /2<95, 
X7{fij2,S,a,zi,Z2) = 20-5/2 + /i^fT, Xs{fi,f2,S,(J,zi,Z2) = 2adf^ + f2da, 
Xgifi, f2,6,a,zi,Z2) = -ads + Sd^, ^io(/i, f2,S,a, zi, Z2) = ads - = -Xg 

Recalling that the tangent bundle to the manifold Mi is the kernel of the one- form d(/i/2 — 5^ — o"^) = 
/id/2 + /2d/i — 2ada — 25d5, we see that the two strata of M are indeed the accessible sets of the 
distribution spanned by Xi , . . . , Xiq . 

Consider the Dirac structure D C TM QT*M spanned by the pairs 

{dx^,dyi), {dy^,-dxi), {dz^,0), (9x2, -dy2), (^2/2,^x2), (0,dz2). 
Comparing this with the sections of "J and Vq given above, we find 



= span^^^^^^si < 



(9,,,0),(0,dz2), 

{-xidy^ +yidx^,xidxi + yidyi) , {x2dy2 - y2dx2, X2dx2 + y2dy2), 
(-xi9a;2 - y2dy^ - X2dxi - yidy2,xidy2 + y2dxi - X2dyi - yidx2), 
^ (xidy^ - X2dy^ - yidx2 + y2dx^ , xidx2 + X2dxi + yidy2 + y2dyi) 
r (9,,,0),(0,dz2),(-X9,idi?i), 
span^oo(M)si I ^x,o, idfl2) , i-Xr - Xs,dd), {X, - X,,ds) 



Hence, we get 




(9,,,0),(0,dz2),(-X9,id/i), 

(Xio, id/2) , i-Xr - Xs, d6), (Xe - X5, da) 

(9,,, 0), (0, dz2), {ads - 6d^, id/i) , {ads - 6d^, id/2) 
{-2a{df,+df,)-{h + f2)d„,d6), 
{25{df,+df,) + {h + f2)ds,da) 



Recall the definition of one-forms on the stratified space M in Subsection 15.21 The "one-forms" d/i 
and d/2 are not derivatives of smooth coordinates; they vanish at the points where /i and respectively 
/2 vanish, by definition. 

Now we compute the induced Dirac structures on the two strata Mq and Mi. The pairs (—^9, ^d/i) , {Xio 
X8,d6) and (Xg — X^,da) are all zero on Mq. So we get = spariQoc f j^^{{dzi, 0), {0,dz2)} and 
hence Dj;;.[^{rri) = span]t^{(92j |m, 0), (0, dz2(m))} for all fh G Mq- 

For the stratum Mi, we give the Dirac structure in the two charts ('i/'i(f^), "^r^) ^"^^ {'4^2{U),ip2^)- 
We start with (i/^i(C/), ■0^^), that is, the points of Mi where /i does not vanish. We have 



ridf2 



1 

Ti 



d/i + 2ada + 26dS 



and % 0. 
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Hence, the pairs in D restrict to sections on ipi{U) C Mi that span the Dirac structure defined by 

{d,, , 0), (0, dz2), {2ads - 25d^, d/i) , 



-^A/i if I ,cr,6,zi,Z2) = spanjR < 



0,d/i--i 



/i 



d/i + 2ada + 26d6 



spania < 



(2Sdf, + [h + ^)ds,da 

{d,„0),{0,dz2),{2ads -26d^,dfi) , 
0, (/i + ^) d/i - 2ada - 25d5) 
' 2^7^/, -(/i + ^)a.,d5 
259/, + (/i + ^)95,da 



> {fi,a,6,zi,Z2) 



> {fi,a,6,zi,Z2) 



for all {fi,a,6,zi,Z2) in [/. Since 



0, /: 



d/i - 2(7dcj - 26d5 



(/i + ^^^) C^^ds - 26d^, d/i) - 26 (^-2adf, - (^/i + ^^^) d5 



2^(2,^5/, + + 1 95, da 



(15) 



this leads to 



' (5,^,0), (0,dz2),(2aa5- 259,, d/i) 

Dj^,^ih,a,5,zi,Z2) = spauR | (-2^^/i " (/i + ^) ^-d^) , ^ (/i, a, 5, zi, Z2). 

(2<5a/, + (/i + ^)a5,da) 

In the same manner, we get in the chart {ip2{U),ip2^)- 

( {d,, , 0), (0, dz2), {2ads - 26d„,df2) 

[f2 + ^)d.,d5), [^f,,a,S,Z„Z2) 



(16) 



if 2, d,zi,Z2) = spanj^ < 



-2adf, 



26df, + (f2 + ^)ds,da 



It is easy to verify in both charts that this defines indeed a Dirac bundle on Mi; it is constant dimMi- 
dimensional and Lagrangian relative to the pairing on TMi QT*Mi. 

Since the Dirac structure D on M is integrable, we check that the reduced Dirac manifolds {Mq, Df^^) 
and (Ml, D^,) are also integrable. For [Mq, Dj^j^) this is obvious. For (Mi, Djv/i)) have to compute 
several Courant brackets. Since the expressions for Dfj^ are the same in both charts (^i(?7), V']"^) and 
(^^2(^^)5 V'2'^)> it suffices to carry out these computations only in the first chart. Denote by (Xj,aj), 
z = 1, . . . , 5, the five spanning sections of Dj^j^ in the chart {ipi{U), i^i^) in the order of formula (fT6j) . 
We have only to check that [(Xj, Oj), {Xj,aj)] G r(D^J for all i, j G {1, . . . , 5}. 

To see this, we begin by noting that [{Xi,ai),{Xj,aj)] = [(X2, 02), (Xj, a^)] = G r(L>jgJ for 
j = 1, . . . , 5. Next, we compute 



[(^3,03), (^4,04)] 
-26 



{2ads - 26d^,dh) , ( -2adf, - ( /i + ] d^,d6 



a^ + 6' 
fi 



2a ■ -—d^ - 26 ■ {-2)df, - 26 ■ -—8^ + /i + 

Ji Ji v 

2 (^26df, + (^/i + ^-^) ds, da) = 2(^5, as) G T{Dm^: 



fi 



2ds,d{d6i2ads-26d^)) 
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In the same manner 



{2ads - 25d,,dh) , ( 25df, + ( /i + ) 9^, da 



and 



1 / V h J h V /i 

.a ^^ + '^^^^ 2adc7 2(5d()A 

-Aads + 459,,, -d/i + — 72— d/i 7 T- 

Ji /I /i / 

= - 2(2(795 - 2(59,, d/i) + -i (^0, (^/i + ^^^) d/i - 2ad(7 - 25d5^ . 

This is a section of D^j^ since the first summand is the pair (X3, 03) and the second summand is shown 
in ([T5|) to be a section of Dj^j^ . 

Thus, we have verified directly on this example the conclusions of Theorems 16.51 and 16. 6i 



6.3 Reduction of dynamics 

Definition 6.11 The function / € C°°{M) will be called admissible if there exists a vector field 
Xf £ X(M) such that 

iXf,df)eTiD). (17) 

Note that we have (Xf + Y,df) € r(L>) for all sections Y of Gq- Hence if the distribution Gq is not 
trivial, equation (fT7|) does not define an unique vector field Xj. 

Theorem 6.12 Let f G C°°{M)^ be admissible. Then there exists Xf e X{M)^ such that (X/,d/) 
is a section of D. Hence, for each stratum P of M satisfying the conditions of Theorem \ 6.5\ there 
exists a section {Xp,ap) such that Xf ~^ X £ X{M), Xp X, and ap = i*pa, 7r*a = df . The 
vector field Xp is a solution of the implicit Hamiltonian system 

{Xp,dfp)eT{Dp), 

where fp £ C°°{P) is the function defined by fp = L*pf, with f G C°°{M) defined by7r*{f) = f. If Xp 
is another solution of this equation, there exists an element Y o/r(Go)'^ such that Xf + Y descends 
to a vector field on M that restricts to Xp. 

Proof: Let / G C°°{M)'^ be admissible. Let X be a vector field satisfying {X,df) G T{D), and 
consider the average of this pair. Since df is already G-invariant, it remains unchanged and the G- 
invariant average of {X,df) is (Xcdf) with a G-invariant vector field Xq- Since D is G-invariant, 
the section {Xq, df) is also a section of D. If Xq disappears, the solutions of the implicit Hamiltonian 
system span the generalized tangent distribution Go- Let Xq =■ Xf, then the first statement is proved, 
and {Xf,df) G V^. The remaining of the Theorem follows immediately. □ 



40 



References 

[1] J.M. Arms, R.H. Cushman, and M.J. Gotay. A universal reduction procedure for Hamiltonian 

group actions. In The Geometry of Hamiltonian System,s (Berkeley, CA, 1989), volume 22 of 
Math. Sci. Res. Inst. Publ, pages 33-51. Springer, New York, 1991. 

[2] N. Aronszajn. Subcartesian and subriemannian spaces. Notices Amer. Math. Soc., 14:111, 1967. 

[3] E. Bierstone. Lifting isotopies from orbit spaces. Topology, 14(3):245-252, 1975. 

[4] G. Blankenstein. Implicit Hamiltonian Systems: Symmetry and Interconnection. Ph.D. Thesis, 
University of Twente, 2000. 

[5] G. Blankenstein and T.S. Ratiu. Singular reduction of implicit Hamiltonian systems. Rep. Math. 
Phys., 53(2) :21 1-260, 2004. 

[6] G. Blankenstein and A.J. van der Schaft. Symmetry and reduction in implicit generalized Hamil- 
tonian systems. Rep. Math. Phys., 47(1):57-100, 2001. 

[7] K. Buchner, M. Heller, P. Multarzyiiski, and W. Sasin. Literature on differential spaces. Acta 
Cosmologica, 19:111-129, 1993. 

[8] H. Bursztyn, G.R. Cavalcanti, and M. Gualtieri. Reduction of Courant algebroids and generalized 
complex structures. Adv. Math., 211(2):726-765, 2007. 

[9] T.J. Courant. Dirac manifolds. Trans. Am. Math. Soc, 319(2):631-661, 1990. 

[10] R. Cushman and J. Sniatycki. Differential structure of orbit spaces. Canad. J. Math., 53(4):715- 
755, 2001. 

[11] R.H. Cushman. Reduction, Brouwer's Hamiltonian, and the critical inclination. Celestial Mech., 
31(4):401 429, 1983. 

[12] J.J. Duistcrmaat. Dynamical systems with symmetry. Available at 

http://www.math.uu.nl/people/duis/. 

[13] J.J. Duistermaat and J.A.C. Kolk. Lie Groups. Universitext. Berlin: Springer, viii, 344 p., 2000. 

[14] R.L. Fcrnandcs, J. -P. Ortega, and T.S. Ratiu. The momentum map in Poisson geometry. (To 
appear in) American Journal of Mathematics, 2009. 

[15] M. Jotz and T.S. Ratiu. Dirac and nonholonomic reduction. Preprint, arXiv:0806.1261v2, 2008. 

[16] M. Jotz and T.S. Ratiu. Livariant generators for generalized distributions and applications. 
Preprint, arXiv:0907.4670, 2009. 

[17] P. Libermann and C.-M. Marie. Symplectic Geometry and Analytical Mechanics. Transl. from the 

French by Bertram Eugene Schwarzbach. Mathematics and its Applications, 35. Dordrecht etc.: 
D. Reidel Publishing Company, a member of the Kluwer Academic Publishers Group. XVI, 526 
p. , 1987. 

[18] T. Lusala and J. Sniatycki. Stratified subcartesian spaces. arXiv:0805.4807vl, 2008. 

[19] J.E. Marsden and T.S. Ratiu. Reduction of Poisson manifolds. Lett. Math. Phys., 11(2):161-169, 
1986. 

[20] J.E. Marsden and A. Weinstein. Reduction of symplectic manifolds with symmetry. Rep. Math. 
Phys., 5:121-130, 1974. 



41 



[21] H. Matsumura. Commutative Algebra, volume 56 of Mathematics Lecture Note Series. Ben- 
jamin/Cummings Publishing Co., Inc., Reading, Mass., second edition, 1980. 

[22] J.-P. Ortega and T.S. Ratiu. Momentum Maps and Hamiltonian Reduction. Progress in Mathe- 
matics (Boston, Mass.) 222. Boston, MA: Birkhauser. xxxiv, 497 p. , 2004. 

[23] R.S. Palais. On the existence of slices for actions of non-compact Lie groups. Ann. of Math. (2), 
73:295-323, 1961. 

[24] M.J. Pflaum. Analytic and Geometric Study of Stratified Spaces, volume 1768 of Lecture Notes in 
Mathematics. Springer- Verlag, Berlin, 2001. 

[25] G.W. Schwarz. Smooth functions invariant under the action of a compact Lie group. Topology, 
14:63-68, 1975. 

[26] R. Sikorski. Abstract covariant derivative. Colloq. Math., 18:251-272, 1967. 
[27] R. Sikorski. Differential modules. Colloq. Math., 24:45-79, 1971/72. 

[28] R. Sikorski. Wstqp do geometrii rdzniczkowej. Paiistwowe Wydawnictwo Naukowe, Warsaw, 1972. 
Biblioteka Matematyczna, Tom 42. [Mathematics Library, Vol. 42]. 

[29] J. Sniatycki. Integral curves of derivations on locally semi-algebraic differential spaces. Dis- 
crete Contin. Dyn. Syst., (suppl.):827-833, 2003. Dynamical systems and differential equations 
(Wilmington, NC, 2002). 

[30] J. Sniatycki. Orbits of families of vector fields on subcartesian spaces. Ann. Inst. Fourier (Greno- 
ble), 53(7):2257-2296, 2003. 

[31] P. Stefan. Accessibility and foliations with singularities. Bull. Amer. Math. Soc, 80:1142-1145, 
1974. 

[32] P. Stefan. Accessible sets, orbits, and foliations with singularities. Proc. London Math. Soc. (3), 
29:699-713, 1974. 

[33] P. Stefan. Integrability of systems of vector fields. J. London Math. Soc. (2), 21(3):544-556, 1980. 

[34] H.J. Sussmann. Orbits of families of vector fields and integrability of distributions. Trans. Amer. 
Math. Soc, 180:171-188, 1973. 

[35] I. Vaisman. Lectures on the Geometry of Poisson Manifolds, volume 118 of Progress in Mathe- 
matics. Birkhauser Verlag, Basel, 1994. 

[36] P.G. Walczak. A theorem on diffeomorphisms in the category of differential spaces. Bull. Acad. 
Polon. Sci., Sr. Sci. Astr. Math. Phys., 21:325-329, 1973. 

[37] H. Weyl. The Classical Groups, Their Invariants and Representations. 2nd ed. Princeton Math- 
ematical Series. 1. Princeton, NJ: Princeton University Press, xiii, 320 p. , 1946. 

M. Jotz T.S. Ratiu 

Section de Mathematiques Section dc Mathcmatiques 

Ecole Polytechnique Federale de Lausanne et Centre Bcrnouilli 

1015 Lausanne Ecole Polytechnique Federale de Lausanne 

Switzerland 1015 Lausanne 

madeleine . j otzSepf 1 . ch Switzerland 

tudor . ratiuSepf 1 . ch 

J. Sniatycki 



42 



Department of Mathematics and Statistics 
University of Calgary 
Calgary, Alberta 
Canada 

sniatSmath . ucalgary . ca 



